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CURVES IN GRASSMANNIANS

DAVID PERKINSON

ABSTRACT. Curves in Grassmannians are analyzed using the special structure
of the tangent bundle of a Grassmannian, resulting in a theory of inflections or
Weierstrass behavior. A duality theorem is established, generalizing the classical
duality theorem for projective plane curves. The appendices summarize basic
information about principal parts bundles and their application to studying the
inflections of curves in projective space.

INTRODUCTION

This paper develops Joe Harris’s idea for classifying curves in Grassmannians
based on the special structure of the tangent bundle of a Grassmannian. A map
of a curve, X, into a Grassmannian is given by a vector space, V', of globally
spanning sections of some vector bundle, E, on X . To this, we associated a
sequence of vector bundle quotients

(*) Vx=V®Ox - E—E, — E;, —.

called derived bundles and define higher differential ranks and torsion sheaves.
Our goal is then to explain the geometry behind these constructions. The main
tools we use are principal parts bundles and the closely related osculating bun-
dles, in the spirit of Piene’s work [Pil]. Main facts about these bundles are
relegated to the appendices and are assumed throughout the main body of the
paper.

Derived bundles are defined in §1 and their connection with principal parts
bundles is presented in §2. Piene’s osculating bundles appear in §4. They are
used to formulate a key result, Theorem 4.2, which states that the surjections
between derived bundles, ( * ), lift to give surjections between osculating bundles

(%x) Vy — E — GYE)) — GXE)) — ...

This property is used to characterize derived bundles in Theorem 4.6. It is also
the key idea behind Theorem 5.1, which is a refinement of the normal form for
a curve in a Grassmannian due to Griffiths and Harris, [GH2].

The normal form for curves in Grassmannians can be interpreted to explain
the geometric meaning of derived bundles and differential ranks. Locally, a
curve in a Grassmannian is given by the span of vectors parametrized by the
curve. It might happen that some of these vectors are derivatives of others.
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Roughly, the differential rank is the minimum number of vectors needed such
that they, along with their derivatives up to various orders, determine the map
to the Grassmannian. The higher differential ranks express the orders of the
derivatives. This is made precise by Theorem 5.1.

In certain situations, a calculation of ranks will show that the surjections
to the osculating bundles in ( *x ) are isomorphisms. This is the idea behind
Theorem 6.2.1, which is used to recover a result of Griffiths and Harris, [GH2,
p. 386] characterizing curves with differential rank one: each comes from a curve
in projective space by taking a cone over an associated map of some order. An
associated map of order ¢ for a curve in projective space sends a point on the
curve to its ¢-th osculating space (the space spanned by the derivatives of order
<t of a local parametrization of the curve).

The formalism of our vector bundle constructions suggested one of the main
results of the paper, a duality theorem for curves in Grassmannians, Theorem
7.1. In the case where E is an osculating bundle for a curve in projective
space, this result specializes to give Piene’s duality theorem, [Pil], which is
the modern expression of the classical duality theorem for curves in projective
space. (The most special case is the fact that the double dual of a projective
plane curve is the curve, itself.) As an application, we discuss the birationality
of the associated maps, (Proposition 3.3.1).

The torsion sheaves measure the inflectionary behavior of a curve in a Grass-
mannian. In the special case of a curve in projective space, their lengths are
known as stationary indices: these are the numbers appearing in the generalized
Pliicker formulas describing the way a curve flexes.

The paper ends with several examples: curves in Grassmannians coming from
taking “joins of lines”; curves of degree three; a relation between the degree of
a bundle generated by global sections and its possible differential ranks; and the
sequence of differential ranks and torsion numbers (lengths of torsion sheaves)
possible on the projective line.

E. Ballico has continued the study initiated in this paper, [Bal], and has
generalized some of the results to higher dimensional varieties, [Ba2].
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1. DERIVED BUNDLES

We study a map of a smooth curve over an algebraically closed field, k, into
the Grassmannian of r-dimensional quotients of an n-dimensional vector space
V over k:

(1.1) fiX—=GWV,r)=G_P(V)=G

or equivalently, a surjection

(1.2) o:Vy =V @, COx — E
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where E is a vector bundle of rank r on X . The universal exact sequence on
G

(1.3) 0—-S—Vg—Q—0
where Q is the universal r-quotient, pulls back to
(1.4) 0—Sg—Vy L E—0

where Sg is the kernel of ¢. The tangent map
Ty — f*Te = f*Zom(S, Q) = Zom(Sg, E)

is the same as a map
(1.5) 8=8¢:SE—>QX/k®E

where Qy = T}, /‘k is the cotangent bundle.

Definition 1.6. The differential rank of ¢ (or f) is the rank of the image of
0 . The torsion sheaf for ¢ (or f) is the torsion subsheaf of the cokernel of
0.
The differential rank of ¢ is the rank of O restricted to a generic fiber. At
special fibers, the rank of & may drop, this being measured by the torsion sheaf.
The map 9 is now used to construct a sequence of related maps to Grass-
mannians.

Definition 1.7. The first derived bundle of ¢ is the vector bundle
E, = (cok(a) ® Q;/'k) /torsion.

Tensoring the natural map Qy/ ® E — cok(d) by Q)‘(/'k and composing with
¢ induces a surjection
é1: Vx — E,
which factors through ¢. There is a corresponding map
Jiy: X = G(V, rank(E))).

One may now repeat the process with E; in place of E. Inductively, define
the i-th derived bundle of ¢, E;, to be the first derived bundle of ¢;_;. The
bundle E; comes with a surjection

¢i:Vx — E;

and a corresponding map
fiy:X — G(V, rank(E;)).

Define the i-th differential rank of ¢, drk;(¢), to be the differential rank of
¢i—1 and the i-th torsion sheaf, tor;(¢), to be the torsion sheaf of ¢; ;. The
i-th torsion divisor is defined to be - . length(tor; ¢)-x and the i-th torsion
number is the degree of this divisor.

Thus, letting ¢o = ¢, the previously defined differential rank and torsion
sheaf of ¢ may be called the first differential rank and first torsion sheaf, respec-
tively. In sum, we have associated with each map of X into a Grassmannian,
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a sequence of maps of X into other Grassmannians, a corresponding sequence
of surjections

(1.8) Vy - E—E — E) — -
and a sequence of torsion sheaves on X . The i-th differential rank is
drk; ¢ =1k E;_, — 1k E,.
Remark 1.9. Tensoring (1.5) by Q}/‘k defines a map
Ty ® Se — E

whose cokernel modulo torsion is E; . We used 0 to define the derived bundles
instead of this map because it arises more naturally when using principal parts
bundles to study differential ranks, (§2).

2. PRINCIPAL PARTS BUNDLES AND A DESCRIPTION OF 0
IN LOCAL COORDINATES

Although 9:Sg — Qy/« ® E, used to define the derived bundles, was defined
by identifying the tangent bundle of the Grassmannian with a space of maps,
we will mostly use an alternate description using P!(E), the first order prin-
cipal parts of E. This is given in Proposition 2.1. The proof of Proposition
2.1 shows that the map & is closely related to the second fundamental form
homomorphism on the Grassmannian.

The section ends with a description of 0 in local coordinates. It will be used
later to state Theorem 5.1 giving the normal form for a curve in a Grassmannian
and leads to a geometric explanation of the differential rank.

Proposition 2.1. There is a commutative diagram with exact rows

0 —— Sg —— ¥V 2 E 0
e bk
0 —— Qxu®E —— PY(E) E 0

where the bottom row is the fundamental exact sequence and v' is the Taylor
series map (A.6). Thus, 8 is the Taylor series map v' restricted to Sg .

Proof. The Taylor series map lifts ¢, giving a map of exact sequences as shown
except we must verify that the induced map Sg — Qy/ ® E is 9. There is
a diagram similar to (2.2) on the Grassmannian. The map Vz — Q to the
universal r-quotient factors through the first order principal parts of Q to give

0——0b S — Vg [0 0
(+) | [ ||
0 — Qr®Q —— PY(Q) Q 0

Let df: f*Qgc — Qxi be the cotangent map. Pull back (x) to the curve
and use the natural map f*P'(Q) — P'(E), (A.2.4), to get the commutative
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diagram
0 ——  Sg —— W * \E 0
s e
0 — f* Qs ®E —— f*P'(Q) E — 0
lows |
0 —— Qxu®E —— PYE) E 0

The composite of the middle vertical maps is the Taylor series map v!; so it
suffices to show that the composite of the vertical maps on the left is . We
see this by noting the connection between J and the standard identification:
T = Zom(S, Q). Tensoring the map J of (x) by Q* inducesamap a:S®
Q* — Qg which one may check, using local coordinates, is an isomorphism.
The dual of « is the standard identification. O

Applying the snake lemma to (2.2) gives

Corollary 2.3. Derived bundles can be calculated from the Taylor series map,
vl: Vx - PYE):

(1) cok(0) = cok(v!);

(2) E = (cok(u‘) ® Q;/‘k) /torsion;;

(3) tory(¢) is the torsion subsheaf of cok(v');
(4) drk,(¢) = rk(imv!) -1k E.

Hence, the first torsion sheaf of ¢ measures where v! drops rank.

Remark 2.4. The map 4:S — Qg ® Q introduced in the proof of Proposition
2.1 is called the second fundamental form homomorphism. It differs by a factor
of —1 from the second fundamental form of [AK]. As part of the proof of
Proposition 2.1, we showed that 8 may described as the pullback via f of the
second fundamental form on G, composed with df ® 1 where df: f*Qg/ —
Qy/i is the cotangent map.

Local description of 9. We now use Proposition 2.1 to give a description of 9
in local coordinates. Looking locally, we may assume X = Spec 4 and identify
Vx with A®" (choosing a basis for V'), E with A®" and Sg with A®"~". The
map ¢ becomes the matrix M = (a;;) whose rows will be denoted by v; for
i=1,...,r. Let L=(b;) be the inclusion Sg — Vx and denote its columns
by w; for i=1, ..., n—r. Recall the standard derivation, d: 4 — Q. We
may assume that Q, is trivial with generator dz. For a € A, define a’ by
the equation

da=addz.

Define v/ = (a),, ..., a),). Finally, identifying P'(E) with (4%7)®2 > 48
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as in (A.4), diagram (2.2) becomes

i

0 , A®n-r [wr --- Wnr] A®n A®r 0
'U]-
2. =(v]w; 07
(2.5) la ] w;) l vl ”
vy |
0 — A% ABF — A% 0
B 7 o]

where I, is the r xr identity matrix. For details, see (A.4) and (A.6.4.3). Since
v; - w; = 0, the following “dual” description comes from the product rule:

(2.6) 4 = (vf - wj) = (—v; - wj)

where w} = (b;j; e b;,j).

For a “more local” description of 8, take A4 to be the local ring at some point
X € X with local parameter z. The completion of A4 is then isomorphic to
the power series ring k[[z]], and the inclusion of A4 into its completion allows
us to view the v;’s and w;’s as functions of z. The derivatives we must take
are then just ordinary derivatives of power series. Finally, looking in the fiber
at x, we get a nice interpretation of 9. Consider the parametrized family of

(n — r)-dimensional subspaces of V :
A(z) =span{w;(z), ..., Wy—r(2)}.
In the fiber at x, ‘
(2.7) 9:A(0) — V/A(0),
>aiw;(0) = Ya;wi(0).

Dually, using (2.6), take the parametrized family of r-dimensional subspaces
of V*

Y(z) =span{vi(z), ..., v,(z)}
and in the fiber at x,
(2.8) 8:Y(0) — V*/71(0),
> aivi(0) = Ya;v](0).

This agrees with [GH2, p. 384, 2.1]. At most points, the rank of this map
is the differential rank of ¢. At special points, the rank may drop, and this is
measured by the torsion sheaf.

3. FUNCTORIAL PROPERTIES OF DERIVED BUNDLES

We consider two types of functorial properties of derived bundles: one com-
ing from maps between bundles, and the other from maps between curves. As
an application, the latter can be used to show that the associated maps, (B.4),
are birational.
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Proposition 3.1. Let V', W be k-vector spaces and E, F be vector bundles on
X . Suppose there is a commutative diagram

Vx -t Wy

5| |v

E_f_,

where the vertical maps are surjective. Then there are maps between derived
bundles f;: E; — F; such that

Ve —4— Wy

¢>,~_.l lwi_.

fie
Ei_y —/—— Fi_

l l

E. - F

commutes for i > 1. (The vertical maps are the natural ones. Define Ey = E,
Fo=F, fo=f, ¢o=¢ and wy = w.) There are also maps between torsion
sheaves:

&i: tori(¢) — tor;(y).

(1) If f is surjective, so are the f;. In this case, forall i > 1,

i
rkE -tk F > ) (drk;(¢) — drk;(y)).
\ =
(2) If f is an isomorphism and ( is surjective, then the f; and g; are
isomorphisms.

Proof. The proof is a straightforward diagram-chase using (2.2) and the func-
toriality of principal parts bundles and Taylor series maps (Appendix A). O

Corollary 3.1.1. With the notation of Proposition 3.1, if drk; ¢ =1kE and f is
surjective, then drk; w =k F .

Proof. This follows immediately from (1). The hypotheses imply that E; = 0
and f) is surjective. Thus, F; = 0 and the result follows. O

Propesition 3.2. Let Y be a nonsingular projective curve over k, E a bundle
on Y, and ¢y:Vy — E any surjection with V a k-vector space, as usual. Let
f:X - Y be a finite, separable morphism with X a nonsingular projective curve
over k. Pulling ¢y back via [ gives ¢x: Vx — f*E, and we may consider its
derived bundles (f*E);.

(1) f*(E)=(f*E); (as quotients of V) ;
(2) length(tor;(¢x)) = length(f* tor;(¢y)) + drk;(¢y) length(Qy,y).

Proof. Since E; = (E;_;);, it suffices to show (1) for the case i = 1. We can
show (1) using local coordinates, but it is easier to use the duality theorem,
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(7.1). On Y, there is the exact sequence, (1.4),
(%) 0—Sg—Vy — E—O.

Consider diagram (2.2) for the dual of this sequence:

0—— E oy ¥ 0

(++) |2 | |
0 —— Qy; ®Sk » PL(SE) S 0
Corollary 7.1.3 of the duality theorem says that
kerd,, = (Ey)*.
Pulling back (*) to X gives the exact sequence
(1) 0— f*Sg —Vx — f"E — 0.

Consider (2.2) for the dual of this sequence:

0 ——  fE* 2 ve Y st —— 0

(1) v | |

0 —— Qi ®f*Sp —— P(f*S;) —— f*S; —— 0

Corollary 7.1.3 says that
kerdy, = ((f*E))".
Thus, we need to show that (f*kerd,,)* = (kerd,,)* as quotients of Vy.
There is a natural map, f* P'(Sg) — Pl(f *SE), (A.2.4). By Proposition
A.3.4 and (A.6.3.5), it induces a map from the pullback of (*x) via f to (1).
In particular, there is a commutative diagram:

f* kera.,,, I f*E* " 0yy f QY/k ®f SE

L oo

keraw —_ f*E* 3—’ QX/k ®f*SE
vx

Since f is separable, the cotangent map df: f*Qy; — Qyx i is injective, ([H,
p. 300]). Further, f is flat, ([H, p. 299]), hence f* kerd,, = ker f*9,, . There-
fore, it follows from the snake lemma that the leftmost vertical map is an iso-
morphism compatible with the natural maps to Vy . Taking duals gives (1).

To prove (2), we proceed as in the proof of (1) but without taking duals.
Again, it suffices to prove the result for i = 1. We have diagram (2.2) and its
counterpart on X :

0 —— S5 — W 2 rE 0
(®) ld\' lu' |
0 —— Qyu ® f*E —— PY(f*E) f*E 0
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As before, (A.3.4) and (A.6.3.5) give a map of commutative diagrams (2. 2)
(®). In particular, there is a commutative diagram:

S*SE L, [*Qypc® [*E

| oo

S*SE > Qy® f*E

ox

From this, we get the commutative diagram with exact rows

0 —— f*imdy, —— [*Qy; ® f*E —— f*cokdy, —— 0

| Jor |

0 — imdy, —— Qyu®f*E —— cokdy, —— 0

where the left vertical map is surjective. Since df is injective with cokernel
Qy/y , the snake lemma shows there is an exact sequence

0 — f*cokdy, — cokdy, — Qy)y @ fFE —0

Finally, we consider the torsion sheaves in the commutative diagram with exact
rows

0 —— f*torj ¢y —— f*cokdy, —— f*Qyu ® f*(E;) —— 0

l l !

0 —— torjpy —— cok6¢x EEm— Qx/k®(f*E)1 — 0
(2) follows by applying the snake lemma to this diagram and taking degrees. O

Example 3.2.1. If E = G'(¥) for a line bundle .# as in (B.2), then Proposi-
tion 3.2 and Theorem 8.1.1 recover Proposition B.3.6 which shows how the in-
flectional behavior for curves in projective space changes under covering maps.

3.3. Birationality of associated maps. Let f: X — P(}') be a map of a smooth
projective curve, birational to its image. Recall the ¢-th associated map,

fi: X — GP(V)
x > Osc(f)
sending a point to its osculating space of order ¢, (for definitions, cf. B.4).

Proposition 3.3.1. Suppose that the image of f is not contained in a hyperplane.
Let t < m, and assume that the characteristic of k is zero or greater than t and
the degree of the t-th osculating bundle for f, (B.2). Then the t-th associated
map, f;, is birational to its image.

Proof. Let f be determined by the surjection
¢I VX — Z.

The ¢-th associated map corresponds to the surjection
(%) u':Vy — G'(2)
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(cf. B.4.2.4). The idea of the proof is that the ¢-th derived bundle of u turns
out to be .. Thus, we can recover f from f;.

At least f; is not constant, for otherwise f(X) would lie in a linear space
of dimension ¢ < m, which contradicts the definition of m . Factor f; as

xtvyvhg

where Y is the normalization of f;(X). Since f; is not constant, g is finite,
and degg < degG'(¥). Hence, with our assumption on the characteristic,
g is also separable; we want to show that it is an isomorphism. The map #
corresponds to a surjection

Vy — E

which pulls back to (*) on X . In Proposition 6.3.1, we will show that the z-th
derived bundle of G'(.#) is . . Hence, by Proposition 3.2
Z =(G'(&) =g (E)
as quotients of Vy . Therefore, the natural map Vy — E, determines a map A
of Y into projective space factoring f:
x5y Lopw).

Since f is birational to its image, degg = 1. In other words, X = Y, as
desired. O

4. CHARACTERIZATION OF DERIVED BUNDLES VIA OSCULATING BUNDLES

This section presents a main result of the paper, Theorem 4.2. It states that
the sequence of derived bundles

VX—¢->E—>E1 — FEy — ...
lifts through the natural maps from Piene’s osculating bundles
Vy 2 E — GNE)) — GXE;) — ...

This property is used to: characterize derived bundles in Theorem 4.6; give a
geometric interpretation of the sequence of differential ranks in §5, (Theorem
5.1); and recover a result of Griffiths and Harris describing curves with differ-
ential rank one in §6, (Corollary 6.2.2). We also use Theorem 4.2 to see that
the sequence of differential ranks decreases, (Corollary 4.3).

Osculating bundles. The following definition is due to Piene, [Pil]:

Definition 4.1. The image of the Taylor series map, 1/;5: Vx — P!(E), is called

the osculating bundle of order t for ¢. We denote it by G'(¢) or just G'(E)
when ¢ is clear from context. (It is a bundle since it is a torsion free sheaf on
a smooth curve.) It comes with a natural surjection

u': Vx — G'(E).
The natural surjections P/(E) — P'~!(E) induce surjections G'(E) — G'"(E).

(For the definition of the Taylor series map, cf. (A.6); for generalities about
osculating bundles, cf. (A.8).)



CURVES IN GRASSMANNIANS 3189

Locally, we think of ¢: Vy — E as being the one-parameter family of sub-
spaces of V* spanned by the rows of ¢, and we think of u’:Vy — G'(E) as
being the 1-parameter family of subspaces of V* spanned (at a generic point
of X ) by the rows of ¢ and their derivatives up to order ¢, (A.6.4).

The immediate connection between osculating bundles and derived bundles
is clear from (2.3) which states that

cok & = cok(r') = cok(G'(E) — P!(E))

and hence
E = (cok(Gl(E) < PYE) ® Q;}k) Jtorsion.

Characterization of derived bundles. The next theorem will show that the map
E — E; factors through the natural surjection G'(E;) — E;. Roughly, if we
think of ¢;:Vx — E; and ¢:Vy — E as parametrized families of subspaces
of V* spanned by the rows of ¢; and ¢, respectively, the next theorem says
that each subspace in the family Vx — E contains a subspace spanned by the
rows of ¢; and their derivatives up to order ;. Theorem 4.6 shows that this
property characterizes derived bundles.

Theorem 4.2. Assume the characteristic of k is O or greater than i+ 1. Then
there are surjections G'(E;) — G'*'(E i+1) compatible with the natural maps

from Vx and compatible with the natural surjections to lower order osculating
bundles, i.e., so that the following diagram commutes

G'(Ej)) —— G"'(Ejp)

! y

GYE;) —— G'(Ejn)
In particular, there are maps
Vx — E — GE) — G} (Ep) — -

compatible with the natural surjections from Vy and to the E;’s. These maps
are functorial in E, (3.1).
Proof. For ease of notation, we will construct the maps for E and E;, but
the same argument works for E; and E;,;. Let n:E — E; be the natural
surjection.

Consider the commutative diagrams, (2.2),

0—— S —— VW 2 E 0
8 ls o]

0 —— Qy® E —— PY(E) E » 0
and

0—— S, —— Vyx 25 E 0

- bl

0 —— QX/k QE —— Pl(El) E, 0
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By (A.6.3.4.2), the natural map n: E — E; induces a map of commutative dia-
grams (x) — (x+) which we think of as a 3-dimensional commutative diagram.
As part of this diagram, we have the maps

(%% %) Sg -2 Qxp ® E 25 Quy ® E.
The composite is zero since, by definition of 7, the natural surjection
Qy/x ® E — cok(d)/torsion = Qx . @ E|

isleon.
Now consider the maps:

0 Sk vy —2 E ——0

(1) I

Vi —2 PY(E))

Chasing the diagram (x) — (x*) and using the fact that the composite (x**) is
zero gives that the induced map Sg — P'(E 1) is zero. Thus there is an induced
vertical map in (1), E — P'(E;). This map factors through the image of v 451
to give the surjection

E — GY(E)).

Applying the functor G'( - ) and using the isomorphism of (A.8.3) yields the
surjections
G'(E) — G'(G'(Ev)) = GX(Ev).

Applying G!( - ) and (A.8.3) repeatedly gives the desired maps
G'(E) — G™!(E)).

The compatibility requirements follow from those in (A.8.2) and (A.8.3). Func-
toriality in £ comes from the functoriality of the maps in ( * ) and ( ** )—which
was already used to construct the map () — (**)—and of the maps in (A.8.3).
The restriction on the characteristic comes from (A.8.3). O

Of course, rk(E;) > rk(E;;;) since E; - E;,, but the differences in these
ranks also decrease:

Corollary 4.3. The differential ranks decrease, i.e., drk; ¢ > drk;,, ¢. (Note that
there is no condition on the characteristic of k.)

Proof. Proposition 4.2 shows that E;_; — G'(E,-). Thus,
tk E;_; > rkG!(E;)
=rkPY(E) -1tk Eiy1  (2.3)
= Zl'kE,' — I'kEH_l
:drkid)zrkE,-_l —1kE; > I’kE,'—I'kE,'_H =drk,~+1¢. O

The following proposition is a useful technical tool:
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Proposition 4.4. Consider G'(E), , the first derived bundle of u': Vy — G'(E).

(1) The surjection G'(E) —» G'"Y(E) factors through the natural map G'(E)
— G'(E), to give surjections

G'(E) — G'(E); — G Y(E).
These maps are compatible with the natural surjections to lower order
osculating bundles; i.e., the following diagram commutes:
G'(E) —— G'E) —— G"Y(E)

! ! !

G"!(E) —— G'"Y(E)i —— G'(E)

(2) G'(E)>G'(G'(E));

(3) G'(Ei) S E:. .
All these maps are compatible with the surjections from Vy. (1) and (2) are
Sunctorial in E and hold with E;, j >0, in place of E . (3) is functorial in E,
and holds with E;, j > 1, in place of E; .

Proof. Consider the commutative diagrams, (2.2),

0 ——  keryi —— V¥ L LGE —0

g J 1 |

0 —— Qy; ® G'(E) —— P'(G'(E)) —— G/(E) —— 0
and

0 —  kerp! — ¥ XL GYE) — 0

(- Jo 1 |
0 — Qyu®G '(E) — PY(G"YE)) — G"YE) — 0

The natural surjection 7: G'(E) — G'~'(E) induces a map of commutative di-
agrams (x) — (xx), (A.6.3.4.2). In particular, there are commutative diagrams

ker u! — ker ui—!

0) % [
Qy i ® GH(E) -5 Qy) ® GHE)
and
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However, considering the natural maps from Vy shows that n factors through
P!(G'"!(E)) in (1). Chasing the diagram (x) — () then shows that (1 ® 7)o
0, = 0 in (1). Therefore, there is an induced map cok(9,:) - Qyx/k G~ YE).
Modding out by torsion and tensoring by Q;/‘k gives

G'(E) — G'(E); — G {(E)
compatible with the natural maps from Vy . In the diagram
G'(E) —— G'(E), —— G Y(E)

l ! l

G Y(E) —— G YE), —— G XE)

the outer square clearly commutes. The middle vertical map comes from (3.1);
thus, the left square commutes. Since the horizontal arrows are surjections, this
means the whole diagram commutes. This proves (1). Since (*) and ( *x ) are
functorial in E, (A.6.3.4.2), so are the maps we have constructed.

To prove (2), apply G!( - ) to (1) with i =1 to get G'(G'(E),) » G/(E).
However, by Proposition 4.2 we get a map in the opposite direction: G'{E) —»
G!(G'(E),). Comparing ranks shows that the two maps must be isomorphisms.
(A surjective map of bundles of the same rank must be an isomorphism.) Func-
toriality in E follows from the corresponding property in (1) or in (4.2).

Proposition 4.2 says that E — G!(E,). Applying Proposition 3.1 gives E; —
G!(E));. To prove (3), use (1) with i = 1 and with E; in place of E to
get G!(E;); - E;. The result follows by comparing ranks as in the previous
paragraph. Functoriality also follows as above.

Finally, replacing £ or E; by E; as in the statement of the proposition
does not change the argument we have just given. 0O

Corollary 4.5. Assume the characteristic of k is zero or greater than i. Then
drk, pi=! > drk; u'.

Proof. First note that by Proposition A.8.3, G'(E) = G'(G'~'(E)) as quotients

of Vyx . Therefore, by (3.1),

(%) drk, ' = drk, G}(G'~(E)).

Now, replace E by G'~!(E) in (1) of Proposition 4.4 to get GYG'YE)), »

G'~'(E). It follows that,

kG~ (E) < Tk G (G (E)),
=rkG!(G'"1(E)) - drk,; G' (G 1(E))
=rkP" (G NE)) - tkG'"Y(E); — drk, GN(G'(E))  (2.3)
=rkPY(GYE)) - rkG"NE), —drk; u' (%)
=21kG'"Y(E) - kG~ Y(E), — drk, u
= drk; 4"~' =k G'"YE) = tkG"NE), > drk, y'. O
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Theorem 4.6 (Uniqueness of Derived Bundles). Assume the characteristic of k
is O or greater than i. Let F be a bundle on X with tkF = 1k E;, and let
Vx — F be any surjection. Suppose there is a commutative diagram :

VX . VX
[
E —— G'(F)

Then F = E; as quotients of E .
Moreover, suppose there is a string of surjections

Vxy - F' — ... - F'

with each FJ a bundle on X with tk F/ = 1k E;, and suppose there are com-
mutative diagrams

Vx Vx

l [

E —— G/(F))

for j =1,...,1i; then the induced isomorphisms f;:F/ = E; are compatible
with the natural surjections

Fi-1 _im1 Ej_i

! l

Fi L, ;
Proof. Proposition A.8.3 gives isomorphisms G’(F) = G!'(G/~!(F)) for j =
1,..., i, (using the assumption on the characteristic of k). Combining this
with Proposition 4.4, (1), yields

(%) G/(F) =G/ (G~ (F)); » G'~\(F).
Apply this result along with Proposition 3.1, (2), repeatedly:
E —» G'(F)
= E; » G'(F); = (G'(F)1)i-1 (def. of derived bundles)

- G NF)i_, = (G Y(F)1)i2 (*)

- F.
This constructs a map E; - F which must be an isomorphism since it is a
surjection of bundles of the same rank.

The compatibility statement follows since the maps of (3.1), (4.4, (1)), and
(A.8.3) respect the surjections G'(F) — G'~'(F). O
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5. GEOMETRIC INTERPRETATION OF THE SEQUENCE OF DIFFERENTIAL RANKS

The surjections
Vx % E — G'(E)) — GX(Ey) — -

of Theorem 4.2 suggest a way of taking local coordinates for ¢. Over the
complex numbers, using different methods, Griffiths and Harris, [GH2], also
present these local coordinates, which they call the “normal form” for a curve
in a Grassmannian. We will see how this normal form is determined by the
sequence of differential ranks of ¢ and show what is “normal” about it.
Diagram (2.2) was used to give an alternate construction of d. Recall dia-
gram (2.5), expressing (2.2) in local coordinates on an open affine U = Spec 4

of X. The map ¢:Vy — E becomes a matrix with rows v; for i=1,...,r.
Theorem 5.1 (Normal Form for a Curve in a Grassmannian). Suppose there are
¢ elements uy, ..., u, of A®" such that

(V1 ooy 0) = (ug, ty, ..., u(li'), ey Ug Uy ey uﬁi‘)).

In other words, the rows of ¢ consist of the derivatives of the u;’s. Then
(1) drk; ¢ <?;
(2) If drk, ¢ = £, then all the higher differential ranks are determined by

il,...,igi
drk, ¢ =4{j | i >m -1}

and shrinking U so that it does not contain points in the support of
the torsion sheaves—i.e., excluding a finite number of points—the map
¢j:Vx — E; restricted to U can be expressed in local coordinates as a
matrix with rows

(111—1) (11—1))

7 !
(uy,uy, ..., u ey Ug, Upyonn, Uy

where u,(,"’" ) is omitted if ip < j. (These local forms for the ¢;’s are
compatible with the surjections E; — E;., in the natural way.)

(3) Suppose that E, = 0 for some t, (cf. Remark 6.1.2). Near any point
not in the support of a torsion sheaf, it is possible to take coordinates as
above so that drk, ¢ = £, i.e., so that the conclusion of (2) holds.

Proof. With the u;’s as above, uy) cw; =0 for t =0,...,i;. So the only

rows of @ that are possibly nonzero are

(+) @ o w), =

Hence, rk(v; - wj) < £. This shows (1).
If drk; ¢ = ¢, then the rows displayed in ( x ) must be A-linearly indepen-
dent. The map E — E,| is defined by tensoring the composite

Qy/ ® E — cokd — (cokd) [torsion = Qx) ® E)
by Q;,/lk . Thus, by shrinking U if necessary to exclude the torsion of cokd,
the map E — E; becomes a projection

Ae)r — Aer—l
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onto factors of A®" corresponding to the rows of zeros in 8. Hence, there is
a commutative diagram

Ve o=[u,, ..., u(l") yees Ul s u(l")]‘“‘“s""se E
Vx Gy =1 (g =1 E,
o1=[u, ,..‘,ul'l s ey Ug ,...,ul" )]"’“SPW

We use the convention that uﬁ."' =D is omitted of i i =0. Let s be the number
of u;’s remaining. '

The preceding diagram shows the second part of (2) for j = 1. The first part
of (2) is true by supposition for m = 1. For it to be true for m = 2, we need
to show that drk, ¢ = s. We first show that the u;’s and their derivatives up

to certain orders are linearly independent. By (2.3),

tkP!(E) — 1k E; = rk(span{v,, ..., v,, v}, ..., v'})

u(li1+l) (i1+1)})'

= rk(span{y,, ..., yeee s Up, i, Uy

But ’
tkP!(E) — 1k E; = 21k E — (tk E — drk; ¢) = r + £.

By counting, this implies that u,, ..., u(li‘+l) U 77 I uﬁ’”” are indepen-
dent.
To ease notation, assume i, ..., i; > 1. Use (2.3) again to get

kP! (E;) — 1k E; = tk(span{u;, ..., u{", ..., ug, ..., ul™})
=r—{+s.
But tkP!(E,) = 2rk E; . Therefore,
drky¢p =1kEy —1tkE, =r—£ +s5s—r1kE,
=r—L{+s—(r—£)=s
as required.

Replacing E = Ey by E, and E; by E, in the argument just given shows
the first part of (2) for m = 3 and the second part for j = 2, and so on. Thus,
(2) follows by induction.

We will prove (3) by induction on ¢ where ¢ is the smallest integer such that
E;.; =0. The case ¢t = 0 is true trivially. Assume the result true for t = k-1,
and suppose E;,, is the last nonzero derived bundle. Let s = drk, ¢ = drk; ¢,

and r; =1k E;, and apply the induction hypothesis to ¢;: Vx — E;. Thus, we
can choose local coordinates so that ¢, has the form

i : Is)ts
d)] =M, =[u1,... ,u(l'), ooy Usy oty ugS)]raHSPOSC.

We will use the surjections Vy — E — G!(E;) of Theorem 4.2 to choose local
coordinates for ¢. First, we describe u!:¥Vy — G'(E;) in local coordinates.
By shrinking U, we can write v!: Vy — PI(E 1) as a block matrix
M,
M;

(** ) AGBn ] AGBZrl
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where M| is the matrix whose entries are the derivatives of those of M,
(A.6.4.4). The bundle G!(E;) is defined to be the image of this map. By
shrinking U more if necessary—to avoid the support of the torsion sheaf—we
may assume G'(E)) is a subbundle of P!(E)), i.e., the quotient is a bundle.
Therefore, we can take coordinates so that the rows of u! consist of those rows
of (xx) that are not clearly linearly dependent, namely,

u(li|+1)

(is+1) ]transpose

[ug, ..., yene s Usy ouny Us

Counting shows these rows must be linearly independent; the number of rows
listed equals the rank of G!(E;):

tkP'(E;) —tkG'"(E)) =1kEy=r —s
= r, +s = kG (E)).

By Theorem 4.2, the surjection from E to E,; factorsto give n: E — G'(E)).
Shrinking U, trivialize E so that 7= is just projection onto the first factors;
then, locally, there is a commutative diagram

¢

Vy ——

” ln=[1r]+s E 0]

Vx — G'(E))

Therefore, ¢ has the form

(i1+1)

is+1
[ur, ..., u ,...,us,...,ug‘ )

transpose
aus+la‘-°aur—r|] P

for some u;, j=s+1,...,r—r;. Since r —r; =drk; ¢, ¢ has the desired
form. 0O

Remark 5.2. The key step of the induction argument establishing (3) of the
theorem was to use the map E — G'(E;) of Theorem 4.2 to choose local
coordinates for E, having already chosen them for E,. Therefore, we regard
the maps of Theorem 4.2

Vy 2 E — GY(E)) — GXE;) — ...

as the global expression of the normal form for a curve in a Grassmannian.

Example 5.3. In light of (2) of the theorem, we might say that taking derived
bundles, “chops off” highest order derivatives. Suppose that the map ¢ has
differential rank four, given in local coordinates (away from the torsion sheaf)
by

! 1" " ! 1" !
¢=[u|’u[,ulaul , Uz, u2, u2,u3, u3, Uy,

Then ¢; comes from decreasing the orders of the derivatives each by one.:

/ ytranspose
u,|transpose,

7 n 7 1
ér = [ur, uy, uf, uz, us, uz, ug]'™"Poe

and the second differential rank is also four. Repeat to get

$r = [uy, ull , Up]transpose,
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The third differential rank is two. Finally,
¢3 = [u1].

The fourth differential rank is one, and all higher differential ranks are zero. If
the local description of the original ¢ also included a constant vector, us, then
us would appear in each of the local descriptions of the ¢,’s; the differential
ranks would not change, (6.1.2).

Example 54. Let f:C — G(C*, 3) be determined by the map
1 z z2 273
01 z2 ¢
00 1 =z

In other words, our map ¢: V¢ — E is a map of trivial bundles and has the
above form in the fiber at z € C. Since the kernel of ¢ has rank one, the
differential rank of f must be one. In fact, for z away from the torsion (the
third torsion sheaf is supported at two points), the rows of ¢, span the same
space as the following vector and its first two derivatives

¢z: (C4 (C3

3z, -14+622,1-322+62*, 23 +32°).

6. CURVES WITH DIFFERENTIAL RANK ONE

One of the original motivations for this paper was to use Piene’s osculating
bundles to show that curves of differential rank one are cones over associated
maps. This fact was originally observed by Griffiths and Harris, [GH2], using
analytic methods. The result appears as a corollary to Theorem 6.2.1.

We then calculate the derived bundles of the osculating bundles for a curve in
projective space. This calculation allows us to show that the associated maps are
birational, (3.3), and to recover Piene’s duality theorem for curves in projective
space from our duality theorem for curves in Grassmannians, (§7).

The section begins by showing how to form cones over curves in Grassman-
nians. Forming a cone does not affect the differential ranks or torsion sheaves of
the original curve. The map, f, is cone over a curve in a smaller Grassmannian
if its derived bundles are not eventually zero.

6.1. Cones. Let /X — G(V,r) and ¢:Vx — E be as usual, and let W be a
vector space over k of dimension m. The cone over [ with vertex W is the
map

Cw(f): X ->GVeW,r+m)
x— f(x)o W.
It corresponds to the surjection
CW, ¢):Vy® Wy 229 E g wy

Forming a cone does not change differential ranks or torsion sheaves.
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Proposition 6.1.1. The i-th derived bundle of the cone, C(W , ¢), is the direct
sum of Wy and the i-th derived bundle of the original map, ¢,

(E® Wy); 2 E;® Wy.

These isomorphisms are compatible with the natural surjections between derived
bundles. In particular, drk; C(W , ¢) = drk; ¢ and tor; C(W, ¢) = tor; ¢ for
all i.

Proof. Since the Taylor series map and the natural surjections between principal
parts bundles respect direct sums (A.1.3, A.6.3.1), diagram (2.2) becomes

0 — SE®0 - VyeWwy Y Eewy — 0

la:&d,@aid Jvllo;@l/'{i H

0 — (Qui®E)® (U ® Wyx) — PYE)eP'(Wy) — EeWy — 0

Hence, cokd = cok 0y ® cok 0,y = cok 3, ® (Qx/x ® Wx) . Therefore, the torsion
of cokd is the same as the torsion of cokdy, and the first derived bundle of
C(W, ¢) is

(cokd/torsion) ® Qx ), = E1 & Wy

as claimed. Replacing E by E,, E, by E;, etc., shows that the i-th derived
bundle of C(W, ¢) is as claimed. The statement about differential ranks then
follows directly from the definitions

dl‘ki C(W, (f)) = I'k(E ® Wx),‘_] - I'k(E &) Wx),' = I'kE,'_l - rkE,~ = dl'k,' tf)

The compatibility statement follows from the corresponding one for diagram
(2.2) by (A.6.3.4.2). O

Remark 6.1.2 (Removing Trivial Factors). Consider the sequence of derived
bundles

VXAE—éEl—-)Ez——)...

Since these maps are surjections and E has finite rank, eventually E; = E;,;
for j > 0. In this case, drk,;; ¢ = tkE, —rkE,;; = 0. In other words,
drk; ¢, = 0. The next proposition will show that, with an assumption on the
characteristic of k, E, must be trivial, and is, in fact, the largest trivial factor
of E. The preceding proposition shows that ¢ is a cone over a curve in a
smaller Grassmannian.

Proposition 6.1.3. If drk, ¢ = 0 and the characteristic of k is zero or greater
than degE, then f:X — G is a constant map and E is trivial. Conversely, but
with no restriction on the characteristic, if E is trivial, then drk, ¢ =0.
Proof. If drk; ¢ = 0, the tangent map Tx — f*Tg is zero. Composing f with
the Pliicker embedding, G — PV, gives a map X — PV determined by

Nop:NVy —»detE =%

where r = rk E . The tangent map of this composite is still zero, so drk; A"¢ =
0. By Corollary 2.3, (4), the Taylor series map, A’Vx — P!(%), is not gener-
ically surjective. Let im A"V denote the image of the natural map A"V —
I'(X,.#). Assuming the characteristic of k is zero or greater than degFE,
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Theorem B.2.3 says that dim(imA’V) < 2, i.e., dim(imA"V) = 1. Thus, .&
is trivial, and f must be constant. Since E is generated by global sections
and its first Chern class, ¢;(E) = ¢((%), is zero, it follows that E must be
trivial ([F, 12.1.8]). (To see that the restriction on the characteristic is needed,
consider the Frobenius map.)

On the other hand, if F is trivial, then f is clearly constant and drk; ¢ = 0.
The latter assertion can be seen using local coordinates or by noting that, by
(3.1), we may assume Vy = E. Thus, Sg =0 and drk;¢=0. 0O

6.2. Curves with differential rank one. In Theorem 4.2 we showed that the
sequence of derived bundles lifts through natural maps from the osculating
bundles:

Vi 5 E — GYE) —» GX(Ey) — ...

In some situations we can calculate the ranks of the osculating bundles to show
that these maps are isomorphisms.

Theorem 6.2.1. Let
VX i’ E — E[ _— -

be the sequence of derived bundles of ¢. Assume
i=1,..., 1,
drk,~¢>={d fori=1, m+

0 fori>m+1
and assume the characteristic of k is zero or greater than degE,,,, and m.
Then there are isomorphisms E; = G™'(E,) for all i, compatible with the
natural maps from Vy and with the natural surjections

E; —=— G"Y(En)

! !

Eioy —=— G" " YE)
Proof. By (6.1.2), E,, is trivial. By (6.1.1), we may assume E,,; = 0.
(Here, for the compatibility statement, we use that the Taylor series map and
the natural surjections of principal parts bundles respect direct sums, (A.6.3.1,
A.2.6).
Let i < m, and consider the exact sequence
I/'_
Vy —- PY(E;) — cokv}, — 0.
By Corollary 2.3, (1),
tk E;,y = rkcoky) = rkP'(E;) — tkG'(E))
=21k E; — tk G'(E)).
But, by hypothesis, rk E;,; = rk E; — d . Therefore,
tkG'(E;)) =tkE; +d =1k E;_,.
By Theorem 4.2,
(%) Ei_y - G'(E)).
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This map must be an isomorphism since it is a surjection between bundles of
the same rank.

The theorem follows by descending induction. For i = m, (%) says E,_; =
G'(E,,) as required. Assume that E; & G™ /(E,,) with the desired compati-
blilties. By the isomorphisms of ( x ) and (A.8.3) we get

Ei-y = GY(E) = G'(G"(Em)) 2 G" " (En).

The compatibility requirements follow from those of (4.2) and (A.8.3). The
restriction on the characteristic is used to show that E,,,; is trivial and to
invoke (A.8.3). O

The following corollary recovers a result of Griffiths and Harris, [GH2,
p. 386]. If g:X — P(V) is a map of a curve into projective space, recall
that the ¢-the associated map '

g&: X — GP(V)
x — Osci(g)

sends a point to its osculating space of order ¢, (B.4). If g corresponds to a
surjection Vy — &% for some line bundle on X , Piene has shown that the ¢-th

associated map corresponds to a surjection
Vy — G'(&)

(cf. B.4.2.4).

Corollary 6.2.2. Assume that the characteristic of k is zero or sufficiently large
(as specified in the proof, below). If drk, E = 1, then E = G™(¥)® Wx where
Z is a line bundle quotient of E and W a quotient of V . In other words,
f:X — G is a cone over an associated map.

Proof. By Corollary 4.3, drk;_; ¢ > drk; ¢ . Therefore,

drk; ¢ = {

1 fori=1,...,m+1,
0 fori>m+1

for some m . Assume the characteristic of k is zero or greater than degE,,
and m. As at the beginning of the proof of the Theorem 6.2.1, we use (6.1.2) to
conclude E,,,; is trivial and use (6.1.1) to reduce to the case where E,,.; = 0.
The result follows from Theorem 6.2.1 with d =1 and X =E,,. O

Remark 6.2.3. The get a geometric interpretation of Theorem 6.2.1, think of
ém: Vx — E,, as being the 1-parameter family of subspaces of the dual space
V* locally spanned by the rows of ¢,,; then for i < m, Theorem 6.2.1 says
that ¢, corresponds (generically) to the 1-parameter family of subspaces of V*
spanned by the rows of ¢,, and their derivatives up to order m —i. If E,, is
a line bundle, we are taking the derivatives of just one vector, which we think
of as tracing out a curve in projective space. The space spanned by the vector
and its derivatives is an osculating space for the curve.

6.3. Derived bundles of associated maps. The next proposition is, roughly, the
converse to Corollary 6.2.2. It calculates the derived bundles of the osculating
bundles of a curve in projective space.
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Proposition 6.3.1. Let £ be a line bundle, and let V — I'(X, .#) be a map
of vector spaces with image an (m + 1)-dimensional subspace of generating sec-
tions. Assume that the characteristic of k is zero or that X is projective and the
characteristic of k is greater than deg. and m. Then the i-th derived bundle
of um:Vy - G"(Z) is G"I(L)

G™(Z)i =G"(Z)

and drik;u" =1 for i=1,...,m+1. (Define G''(Z)=0.)
Proof. By the uniqueness theorem, (4.6), it suffices to show that for each i,

(%) G"(Z) » GH(G"'(£))
and that
(%%) kG" /(&) = kG™(L)..

Proposition A.8.3 says that G!(G'~!(%)) = G/(.Z) if the characteristic of k
is zero or greater than j. It follows immediately by induction that in our case,

G'(G™"(Z)) =2 G"(L).

This shows (). _

The proposition now follows by induction. By Theorem B.2.3, rkG'(¥) =
i+1 for i=0,...,m+1, (cf. B.2.3.3). Assume that we have shown () for
i <k-1 sothat G"(¥); = G" (&) for i < k — 1; this is at least true for
k=1. By (2.3),

tkG™ (&) = tkP (G™ (L)) — tkim v (u] )
kP! (G™(Z)-1) - tk G (G"(L)k-1)
= rkPY(G"*(Z)) - tk GH(G™ ¥+ (2))
=rkP/(G"F1(Z)) - 1kG"*(P)  (A8.3)
=2m-k+2)-(m-k+3)
=m—-k+1=rkG"*2).

Hence (*+) holds for i = k as well, and G™ (%), =G" %¥(¥). O

7. DUALITY

This section presents a main result of the paper: the duality theorem for
curves in Grassmannians. It answers two natural questions. First, from the
exact sequence of (1.4)

0—>SE—>VX——dL>E—>O

we get the surjection

¢t Vy — Sh.
What are its derived bundles and osculating bundles? Second, what are the
kernels of the natural maps to the derived bundles and osculating bundles of ¢

éi:Vx — E;, u':Vy — G'(E).
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If E is the osculating bundle for a curve in projective space, the answer to the
second question is exactly Piene’s duality theorem for curves in projective space,
[Pil]. To prove our duality theorem, we adapt Piene’s proof, which simplifies
in the more general context.

After proving the duality theorem, we recover Piene’s theorem, explaining its
connection to the classical duality theorems of the nineteenth century. We then
consider the special case of a plane projective curve in order to highlight the
fact that these duality theorems are fundamentally an expression of the product
rule of ordinary calculus, (cf. [K2]).

Theorem 7.1. Take the dual of the exact sequence 0 — Sg — Vy 2 E—0
to get
¢t Vy — S

with its first derived bundle, (S3);, and first osculating bundle, G'(S%). Then
ker(u: Vy — G'(E)) = ((Sp)1)*

and
ker(¢: Vy — E;) = G1(SE)*.

Hence, there is a commutative diagram with exact rows:

1

0 —— ((Sp))* vy —4— GY(E) —— 0
l | |

0 —— Sk Vx ¢ E —— 0
l | |

0 —— G'(Sp)* Vi 2. E, —— 0

Proof. It suffices to establish the bottom rectangle of the diagram: the top then
follows by replacing E by S; and taking duals. Let K denote the dual of
the kernel of Vy — GI(S;;-). The natural surjection GI(S,}) — S induces a
commutative diagram

0 —— S vy — - E . 0
(1) l H a l
0 —— G'(5%)* vy —— K 0

where ¥ and a are the natural maps. We will first show that a factors through
the surjection E — E; (as quotients of Vy ). The key step—once we set up the
appropriate diagrams and take local coordinates—is just the the product rule
of ordinary calculus. The result then follows by showing that E; and K have
the same rank and, hence, are isomorphic.
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Consider the commutative diagram, (2.2),

0—— Sz —— Vyx —2-E . 0
8 J» e

0 —— Qi ®E —— PYE) E 0
and the analogous one for y

0 —— G'(S3) —— W Y , K 0
() J» s

0 — Qyx®K —— PY(K) K 0

The map o induces a map of commutative diagrams () — (x*x) by (A.6.3.4.2).
In particular, we have

S —— G'(Sp)
6471 1314«
Qx/k®E 18a, Qx/k®K

By definition, E; = (cok 0y ® Q}/'k) /torsion . Thus, to show that a factors

through E, it suffices to show that (1®a)od; = 0. Chasing around (x) — (*x),
it suffices to show that the following composite is zero:

1
Sg — Vy = PY(K).

We will check this using local coordinates. Consider the following commutative
diagram (notation to be explained):

Uy
v
SE [wy,..., wn—/] VX r E
¢
(+5%) ! | !
(VIJ.)‘
Pl Sx)* (3 VX |4 K
( E) (Wi, s Wner, W) 5., wy ] !ul}
Up
The composite
(V;J_)‘

Sg — P'(Sp)r —— Vx
is the same as the composite
Sg — G'(Sp)* — Vx
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of (1) since G'(S%) — S; factors through P!(S%) — S;.

Here is the meaning of the u;’s, v;’s, and w;’s. Given a point x € X , take
an open affine set U = Spec 4 about x, small enough so that £, Sg, K, and
Qy;i are trivial when restricted to U . Identifying Vx with 4®"” and E with
A®" on U, the map ¢ becomes

V1 ]
Ur

Each v; is a row vector: v; = (a;1, ..., an) Where a;; € A. The u;’s and
w;’s are defined similarly (let £ = rkK ), but each w; is a column vector.
A local trivialization of Sg determines one for S;. This, along with a local
trivialization of Qy/ determines one of P‘(S;;-) , (A.4.8), so that locally the
Taylor series map is given by the transpose of [wy, ..., Wp—r, W], ..., Wy_,]
as indicated in ( x x *), (A.6.4.4). (For the definition of the derivative wj;, cf.
(A.4.1) and (A.6.4.2).)

With similar notation, our problem is to show that the following composite
is zero:

AEBn A€Br

! /7 qtrai
[y g, Uy e, 1y ]P0

SE ) ['I.Dl ,...,U-’n—r] N VX > PI(K)’

From (* * ), we know that each dot product w; - u; = w;-u; = 0. By the
product rule, it follows that w; - u} =0 as required.

We have shown that o factors through E — E;. Hence, there is a commu-
tative diagram

é

0 —— ker¢, Vx E, 0
| H |
0 —— G'(Sp)* » Vy K 0

It remains to be shown that tk K = rk E;. (Then E; — K is an isomorphism
since it’s a surjective map of bundles of the same rank.) Calculate:
kK = n—rkG'(S})
n—rtkP'(Sy) +1k(SE),  (2.3)
=n— 21k Sg + 1k(Sg)]
=n —rkSg — drk; Sg
=rk E — drk; S.

Thus,

E,»K

=1k E, =1k E —drk, E >tk K =tk E — drk, Sj

= drk, S > drk, E
with equality if and only if rk E; = rk K. To see that we get an equality here,
dualize everything; consider the exact sequence

* ¢. * ¢J- *
0—-FE"— Vy — S — 0.
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Repeating the whole argument with ¢+ in place of ¢ gives that
drk, E > drk; S
and we are done. 0O

The theorem can be used to calculate the kernels of the maps to the derived
bundles and osculating bundles. This corollary and the one following it suggest
alternative definitions of derived bundles.

Corollary 7.1.2. Let the characteristic of k be zero or greater than i. There are
exact sequences
i ok \x (”;.L )* o

0—-G'Sgp)—— Vy —E; — 0
and dually, _

0 — ((Sp))" — Va 2> G'(E) — 0
Proof. Apply the duality theorem to each E; successively, and use Proposition
A.8.3 to say that G'(G''(S3)) = G'(S}).

To define the derived bundles of ¢, we looked at the cokernel of 9:Sg —
E ® Qy/r . The next corollary shows what happens if we consider the kernel
instead.

Corollary 7.1.3. ker(3:Sg — E ® Q) = ((Sp)1)* = ker(u!: Vx — G'(E)).

Proof. Corollary 2.3 gives kerd = kerv! = ker u!, and then apply the theorem.
a

Combining Corollary 7.2.1 with Theorem 6.2.1 gives
Corollary 7.1.4. Assume that
d, fori=1,..., m+1,

drk,~¢={0’ fori>m+1

and assume the characteristic of k is zero or greater than degE,,., and m.
Then, for i =1, ..., m, there is an isomorphism of exact sequences

0 —— Sg vy -4+ EE ——0

| H |
: W) o A
0 —— Gi(S3)* -0 ¥y L, G I(E,) —— 0
7.2. Piene duality theorem (cf. B.5). Let V c I'(X,.%) be an (n + 1)-
dimensional vector space of generating sections of a line bundle on X and

f:X — P(V) the corresponding map to projective space. The map of vector
bundles corresponding to the ¢-th associated map of f is

ﬂt: Vy — Gt(g).

Corollary 7.2.1 (Piene Duality Theorem, [Pil]). Let X be a smooth projective
curve, and assume that the characteristic of k is zero or greater than n and the
degree of . Let K =keru™~! with its natural map V¢ — K*. Then

ker”i = Gn—l—i(K*)
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Proof. By Proposition 6.3.1, G'(%) is the (n — i — 1)-th derived bundle of
G""!(Z). Therefore, the result follows from Corollary 7.1.2. O

In sum, Piene’s theorem is that there is a commutative diagram with exact
rows:

Vx——~——> Gn(y) — 0

| l

0—— K v X NP —— 0
(*) 0 — G'K*)* Ve £ 6P —— 0

I R
I

0 —— G"1(K*)* v £, . o

The maps on the right-hand side of this diagram correspond to the associated
maps

fi X — GPV)
x +— Osch
sending a point to its osculating space of order ¢. The duals of the maps on the
right, coming from the kernels of the u'’s, correspond to the ¢-th dual maps
fl:X — Gp— 1 P(V")
x v H.
sending a point to the set of hyperplanes containing an osculating space of order
t. The map determined by the natural surjection Vy — K*,
fr=hX S )

sending a point to its osculating hyperplane, is called the dual of f. Diagram
(*) shows that
(f)' = famt-

and in particular, the double dual of f is f, itself
fr=r
7.3. Duality theorems and the product rule. The key step in the proof of the
duality theorem is just the product rule of ordinary calculus. Its role is most
easily seen in the special case of a curve in the complex projective plane.
Think of the curve as being swept out by a vector, v(z), in affine three-space

where z is a local parameter for the curve. Let w(z) be a vector normal to the
subspace spanned by v(z) and v'(z). Then w(z) sweeps out the dual curve.
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To find the dual of the dual curve, repeat this construction with w in place of
v. To see that we get back the original curve, it suffices to check that v(z) is
normal to the subspace spanned by w(z) and w’(z). In other words, we must
show that

v(z)-w(z)=0 and w(z)-w'(z)=0.
By definition of w(z), we know that

v(z)-w(z)=0 and v'(z)-w(z)=0.
Therefore, the result follows from the product rule:

0=(v(z) - w(z2)) =v(z) w(z)+v(z) w(z)=v(z) w'(z).
Let us now compare this rough sketch of a proof of the duality theorem for

plane curves with the duality theorem presented in this section. If the curve is
given by a surjection Vy — .% where . is a line bundle on the curve, let K be

the kernel of the corresponding map to the osculating bundle, u!: Vy — G'(Z).
The duality theorem says that there is a commutative diagram with exact rows

0 —— K vy — . GN¥) —— 0
| N |
0 —— GY(K*)* vy —2 ¥ —0

Locally, we think of ¢ as the vector v(z). The map u' becomes a matrix with
rows v(z) and v'(z), (at least at a generic point). The vector w(z) gives the
map V¢ — K*, defining the dual curve. The exactness of the bottom row of
the diagram is the statement that v is normal to the subspace spanned by w
and w’. :

8. TORSION SHEAVES

By Corollary 2.3, the torsion sheaves can be calculated using the Taylor series
map vi:Vy — PI(E ) since cokd = cokv!. The torsion sheaf measures where
the Taylor series map drops rank. This paper focuses mainly on differential
ranks; the analysis of torsion sheaves is far from complete. What is lacking is
a convenient local parametrization for a curve in a Grassmannian such as that
which exists in the special case of a curve in projective space (B.1). However, it
is clear that torsion sheaves generalize the classical notion of stationary indices,
(Theorem 8.1.1), and thus describe what might be called the inflectionary be-
havior of a curve in a Grassmannian. There are other ways of measuring this
behavior, and we will briefly mention these. We end the section by seeing what
the duality theorem says about torsion sheaves.

8.1. Stationary indices. In the special case of a curve in projective space, the
lengths of the torsion sheaves are the classical stationary indices measuring how
a curve flexes in space.

Let V c I'(X, %) where dimV =n+ 1 and & is a line bundle on the
smooth projective curve X . Assume the characteristic of k is zero or greater
than deg.# and n. By Theorem B.2.3, ikG'(¥)=i+1 for i=0,...,n.
In particular, G"(.%) = Vx . We have defined the map

vy — GH(L)
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and seen in Proposition 6.3.1 that the string of derived bundles of u"~! is
Vy - G I(P) -G L) — ... - Z.

The inflection numbers, o;, defined and discussed in Appendix B.1, satisfy the
equation

length(cok(G'(Z) — P/(Z))) = deg P(Z) — Zl: @
j=1

fori=1,...,¢t.

Theorem 8.1.1. The i-th torsion number for u*~! is
length(tor; #" 1) = ap_iy1 — ani

the so-called (n — i)-th stationary index.

Proof. Let
Vy 5 E—E — ..

be the sequence of derived bundles for any map ¢. Letting Sg, denote the
kernel of the composite, ¢;: Vxy — E;, there is a commutative diagram

SE,' 1 — SE'

1

3¢i—| Jv 134‘:'

Qi ® Eimt —— Qi ® E

with 7 0 d4,_, = 0. This follows from the definition of derived bundles:
Qi ® E; & ook 0y,_,[torsion

Thus, there is an induced map

(*) Ski/SE.-. > Qe ® Ei

with cok j/torsion = Qy; ® Eiy1. In our case, E; = G""1(#), and the
Piene duality theorem (7.2.1) says that Sg, = G'(K*)* where K = keru"~!, a
line bundle. Therefore, (x) becomes

Gi(K*)*/Gi—l(K;)* N QX/k ®Gn—i—1(£p)
with cok j/torsion = G"""~%(%). Counting ranks implies that j is injective.
Consider the exact sequences
0— G'(K*)"/ G (K*)* L Qe ® G "1(&) — cok — 0
and
0 — toriy 4" — cok — Qy ® G"HF) — 0.
Taking degrees yields
length(tor;,; u"~") = deg(cok) — deg(Qy/x ® G" (@)
= deg(Qy ® G" (L)) — deg(G'(K™)")
+deg(G'™!(K*)*) — deg(Qxp ® G"~'7X(2))
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Now use the exact sequence

0—-GK) =V —G"(L)—0

and let d; = deg(G'(¥)) to get

length(tor; . u"~') = du_j1 + (n — i)(2g = 2) + dp—i—1
—dp—i—dp—i—2 — (n —i- 1)(23 - 2)
=2dp_ji1—dn_i—dp_i-2+2g8-2
= Qup_j— Qp_j_1 (Pliicker formula, B.3.3). O

Remark 8.1.2. Let D; be the divisor corresponding to the i-th torsion sheaf.
The proof of Theorem 8.1.1 can be modified to show that

D, = Z(an—iﬂ(x) - a,,_,'(X)) * X

xeX

as divisor classes. (The Pliicker formulas can also be interpreted as a statement
about divisor classes.)

Example 8.2. Another special case where we can calculate the torsion numbers
is when X is a projective curve, rk Vy = 2rk E, and the differential rank of E
is as large as possible, namely, r = rk E'. In that case, the Taylor series map is
injective and generically surjective. Therefore, the torsion number is

degP!(E) — deg Vx = degP'(E)
=degQy ® E+degE  (A3.2)
=2degE +r(2g - 2).

This calculation appears in [Cn], (also cf. [Pi2]). If this torsion number is zero,
then g =0 and degE =r. So X =P! and E = @|_, &(n;) with S n;=r.
Moreover, since Vy — E is surjective, each n; is nonnegative and, in fact,
positive since otherwise the first derived bundle would have a trivial factor
instead of being zero, (6.1.1). Thus,

E=01)%
and V =T(P', &(1)®).

8.3. Other measures of inflection. Canuto [Cn] has suggested three measures of
the inflectionary behavior of a curve in a Grassmannian. The first comes from
embedding the Grassmannian in projective space by the Pliicker embedding
and considering the inflectionary numbers for the curve in that projective space,
(B.1). A second set of invariants of the embedding of the curve are the orders
of vanishing of the sections of E in im(¢: V — I'(X, E)). The third measure
comes from looking at the order of contact of the Schubert cycles with the curve
at a given point. Canuto shows that these notions are not equivalent for a curve
in a general Grassmannian (as they are for a curve in projective space). We
have not analyzed the relation of those measures of inflection with our torsion
sheaves.
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8.4. Torsion sheaves and the duality theorem. Take the dual of the exact
sequence 0 — Sg — Vy 2 E to define a map

¢t:Vy — Sk
There are corresponding maps to the osculating bundles, (§4),
Ve — GH(Sp).
We use the duality theorem, (7.1), to show

Proposition 8.4.1. Assume the characteristic of k is zero or greater than i. Then

tor; ¢ = tor) i}, .

Proof. By (7.1.2), it suffices to show the result for the case i = 1. Since the
torsion sheaves are supported on a finite set of points, the question is local.
Near any point x € X, take local coodinates as in §2. so that J, becomes a
matrix

(v]*w;)

AT A%,

Using dual cordinates, the map 9,. may be written

A®r (w]v;) A@n—r-

However, as in (2.6), since v; - w; = 0, the product rule says that
(+) 8 = (v} - wj) = —(v; - w)) = —OLe,

The local ring at x is a p.i.d., and any linear map between free modules over
a p.i.d. can be diagonalized by changing the basis of the domain and codomain
(cf. [J, p. 176]). Therefore, near x, we may assume J, is a diagonal matrix.
In that case, in light of (x), we see that the cokernels of 9, and 9,. are
isomorphic. O

9. EXAMPLES

This section consists of several examples involving differential ranks and de-
rived bundles. In (9.2), we describe all surjections of the form

Vo — @D

where @(1) is the tautological bundle on projective space. We think of such a
surjection as a join of lines in projective space and show how to decompose it
into a join of osculating spaces to rational normal curves. In (9.3) and (9.4),
we try to find relations among the differential ranks of a surjection Vy — F,
the dimension of V', and the rank of E. In (9.5), we classify the surjections
with deg E = 3 using differential ranks and torsion sheaves. Finally, in (9.6),
we show that every sequence of differential ranks and torsion numbers (subject
to obvious restrictions) can occur on the projective line.
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Example 9.1. From the definition of differential ranks, it is immediate that
drk; ¢ < min{rk Sg, rk E}.

Suppose that tk E = n—1, and F is generated by »n linearly independent global
sections. Let V' C I'(X, E) be the vector space spanned by these sections, and
consider the natural map ¢: Vy — E . It follows that the differential rank of ¢
is either one or zero. Therefore, either E is trivial (at least in the case where
the characteristic of k is zero, (6.1.3)), or £ = G™(Z) ® Wy where & isa
line bundle quotient £ and W is a quotient of V', (6.2.2). In other words,
f:X — G is the cone over an associated curve.

Example 9.2. Let &(1) be the tautological bundle on P, . We will determine
the differential ranks of any surjection of the form

$:Ver — E(1)
where V' is some k-vector space of dimension n. (To avoid trivialities, we

will always assume that ¢ is injective on global sections.) Geometrically, we
are taking r lines in P"~! all isomorphic to some fixed P!, say y;:P' =

LicP" ! fori=1,...,r,and considering the map to the Grassmannian of
(r — 1)-planes in P"~!
(9.2.1) P! — G P =GV, ),

p— span{y(p), ..., v (p)}.

It is assumed that the L; and y; are chosen so that this map is defined every-
where. We will see that up to a change of coordinates on the Grassmannian,
everly such map is formed as follows: Take n — r disjoint linear subspaces of
.
g Ph, P2, ..., P%r
where 3" a; =r. (The a; will be determined by the higher differential ranks.)
At each point p € P!, we can chose an osculating hyperplane to the rational
normal curve of degree a; in P% so that the span of these hyperplanes will
be f(p). Thus, we may say that f comes from the join of the osculating
developables of rational normal curves in disjoint linear subspaces of P"~!.
To describe this, let W =T (P!, #(1)). For each m > 0 consider the natural
evaluation map

S"W = T(P', @(m)) = @ (m)

corresponding to the rational normal curve of degree m in P”, and consider
the associated Taylor series map (A.6)

Vm—l

s"w L— P Y@ (m))

corresponding to the (m — 1)-th associated map sending a point on the rational
normal curve to its osculating hyperplane, (B.4, B.3.1).
On P!, every bundle is a direct sum of line bundles; so

ker¢ = @ﬁ(—a[)
i=1

where Y a; =deg@(1)® =r.
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Theorem 9.2.2. Assume the characteristic of k is zero or greater than r. There
are isomorphisms giving a commutative diagram

Ve N @ (1)%

(%) xl lz
D %W 25 @I PN (@ (ay)
The torsion sheaves, tor; ¢, of ¢ are all zero, and the differential ranks are
drk;¢ =4 {j | a; > i}.
In particular, drky¢=n—r.

Proof. From (A.3.2), it follows that the degree and rank of P"~'(@(m)) are
both m . Hence, there is an exact sequence

0 — @(—m) L T(®', @(m)) L P (@(m)) — O.
For m > 0, it is known, ([PS], [Pe2]), that
P" Y@ (m)) =@ (1)®™.

Therefore the dual map, j*, is injective on global sections. Counting dimen-
sions implies that it is, in fact, an isomorphism on global sections. Therefore,
we can choose an isomorphism between I'(P!, @(m)) and its dual so that the
following diagram commutes

L', &(m)); —— G(m)

TP, @(m))p —=2— @(m)

where ev is the natural evaluation map.
Now consider the kernel, K = @, & (—a;), of ¢ and the corresponding exact
sequence

(1) 0— K — Vp 2 2(1)%" — 0.

Taking global sections shows that I'(P!, K) = 0 since we have assumed that ¢
is injective on global sections. Hence, a; > 0 for i = 1,..., n —r. Taking
global sections of the dual of (1) shows that the natural map V* — I'(P', K*)
is injective. Counting dimensions as before, shows that it is an isomorphism.
Therefore, up to an automorphism of V', the map V;; — K* is

n—r n—r
Pre', o) = Poa) =K.
i=1 i=1
Therefore, the required isomorphism, ( * ), follows from ( x ).

To see the claim about the torsion divisors and differential ranks, first note
that taking derived bundles and differential ranks commutes with direct sums.
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This follows, for example from (2.3) and the fact that the Taylor series maps
respect direct sums, (A.6.3.1). The evaluation map :

T(P', &(m))p — &(m)

corresponds to a rational normal curve. It is well-known that such curves are
noninflectionary, (B.3.1). This means that each associated Taylor series map

viT(P', @(m))p — P(@(m))

is surjective (for i < m), i.e., G'(@(m)) = P'(@(m)). Thus, it follows from
Proposition 6.3.1, that the j-th derived bundle of P'(@(m)) is P'~/(@(m)).
The claim about the higher differential ranks follows. The fact that the torsion
sheaves of ¢ are zero follows by direct calculation (or by Theorem 8.1.1). O

Remark 9.2.3. Further calculations in [Pel] indicate that the differential ranks
in the case just considered determine the generality of the positions of the lines,
L;.

Example 9.3. For ¢: 1 — E | if the dimension of V' is large enough relative to
the degree of E, then the differential rank must be greater than one. Consider
the line bundle @(d) on P' with d > 0. Let V c I'(P!, @(d)) be a sub-
vector space of dimension n + 1 of globally generating sections, i.e., so that the

corresponding map
¢:Vp — @(d)

is surjective. We have the osculating bundle of order r, (§4 and A.8):
Vo — G'(@(d)).

Proposition 9.3.1. Assume that the characteristic of k is zero or greater than d
then

degG'(@(d)) > (r+ 1)(n—r).
Proof. By Theorem B.2.3, tkG'(@(d)) =i+ 1 and
deg G'(@(d)) = (i + 1)( Z

for i=1,..., n where the a; are the inflectionary numbers for ¢. In partic-
ular,
(%) degG'(@(d)) = (r+ 1)(d —r) - Za,
and Vp = G"(@(d)) so that

n
(%) Y ai=(n+1)d-n).

i=1

Combining ( *) and ( #+ ) and using the fact that «; < a;; gives

(+%%) degG(@(d)) = (r+1)(d =)= (n+ 1)(d = 1)+ a1+ +
>(r+)d-r)—(n+1)(d-n)+(n—-r)a,.
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Again using that o; < a;,1, (%) yields
ra, > (r+1)(d - r) - deg G’ (&(d)).
Along with (* x x ), this says

deg G'(@(d)) > (r+ 1)(d —r) = (n + 1)(d — n)
n (" -~ ’) ((r + 1)(d = r) — deg G"(@(d)))

— degG'(@(d) 2 (r+ 1)(d -1 = (=) (n+ 1)d —n)

(r+1)d-r)
(r+1)(n-r). O

2
2

Note. To see that equality is possible in Proposition 9.3.1,1let d =n and V
(P!, @(n)). Then G'(@(n)) = P'(@(n)), (cf. B.3.1), and degP’ (& (n))
(r+1)(n-r), (cf. A.3.2).

Corollary 9.3.2. Assume the characteristic of k is zero. Let E be a vector bundle

of rank r on P!, and let V c T(P', E) be a subspace of dimension n of
generating sections. If the corresponding surjection

VP1—>E

has differential rank one, then
degE > r(n—r).
Proof. This follows directly from Corollary 6.2.2 and Proposition 9.3.1. O

Example 9.4. Corollary 9.3.2 shows that if # is large enough compared to the
degree of E, then drk; ¢ > 1. It would be nice to find similar bounds for
n determining when drk, is larger than any given value. At one extreme, if
V =T(P', E) with E any bundle (with no trivial factors) generated by global
sections, then ¢ has full differential rank, i.e., drk; ¢ is as large as possible,
namely rkE, and E; = 0. The reason for this is that if £ = @,’El@(ni) ,
then by (A.6.3.1), the Taylor series map le’ breaks up into a direct sum of the
Taylor series maps
vI:T(B', & (n;))p — P (O (ny))

for i = 1,...,r. Each of these Taylor series maps is surjective (by direct
calculation or (B.3.1)). Thus, by (2.3), E; =0.

We might expect that if E is a bundle with no trivial factors on an arbitrary
curve, X , and generated by global sections, then the natural map I'(X, E)x —
E would have full differential rank. But this is not the case:

Proposition 9.4.1. Let E be an indecomposable bundle of rank r on an elliptic
curve X with 2r > degE > r. Then E is generated by global sections, but the
natural evaluation map

0. T'(X,E)xy — E
does not have full differential rank, i.e., E; #0.
Proof. First note that such bundles, E, exist, [Br]. If ¢ had full differential
rank, then, by definition, the map

0:Sg — QX/k QF
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is generically surjective. This says that
dimI'(X, E) > 2r

(cf. 9.1). In our case, deg E > r implies that E is generated by global sections
and dimI'(X, E) = degE < 2r, ([Br, Lemma A1]). Hence, ¢ cannot have full
differential rank. O

Example 9.5. We classify all surjections Vy—E where X is an arbitrary
smooth projective curve and deg E = 3. First, consider the bundle £ = &(1)®
@(2) on P'. We want to see which differential ranks and torsion numbers are
possible for a surjection

¢I I/]'pl — E.

We may assume by (3.1) that V c I'(P!, E). To simplify matters, also assume
that the characteristic of & is zero.

dimV =5:If dimV =5, then V =I'(P!, E), and ¢ is the ordinary evalua-
tion map. It can be represented by the matrix

xy 0 0 O
0 0 x* xy »y?|°

Hence, the corresponding map f:P! — G,P* comes from joining points on a
line in P* with matching points on a conic in a disjoint plane. The union of
the lines f(p) is a rational normal scroll. It is straightforward to check that
drk; ¢ = 2, and that there is no torsion. '

dim V = 4: In this case, drk; = 2 and tor; ¢ has length two. If the differential
rank were one, then E; would be a line bundle, and comparing ranks, the
natural map E — G!(E;) of (4.2) would be an isomorphism. Proposition 9.3.1
shows this is not possible. Thus, drk; =2 and

0:Sg — Q X/k ® E
is injective and generically surjeétive. The first torsion number is
length(cok 9) = deg(Qy/x ® E) — deg Sg = 2.

The torsion sheaf can be supported at one point, e.g.,

X 0 O
(*) = [ 0 ;2 xy yz]
or it can be supported at two points, e.g.,

x 0 0
(x4) =[5 2 2 0]

Direct calculation shows that in (%), tor; ¢ is supported at the point y = 0
and in (*x) it is supported at the points x =0 and y =0.

Consider the maps f, g:P' — G;P? corresponding to (*), (*x), respec-
tively. The associated loci

{f(p)}pel" s {g(p)}pell"

are the two types of cubic ruled surfaces in P?, (cf. [E, §37]). The former comes
from projecting the rational normal scroll of degree three in P* that we just
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considered from a point lying on a tangent to the scroll. The latter comes from
projecting from a general point.

dimV =3:1If dimV = 3, then Sg = &(-3) is a line bundle; so drk; ¢ = 1.
By the Piene duality theorem, (7.2.1), there is a commutative diagram

0 —— &(-3) ——Vy —2— E 0
! H |
0 —— GY@®3)" Vo —2 E, 0

The map P' — P? corresponding to ¢; is the dual of that corresponding to
J*:V* = @(3) = S . So there are two possibilities, depending on whether j*
represents a nodal cubic or a cuspidal cubic. If the former, then E;, = &(4)
since the dual of the nodal cubic is a quartic. From the exact sequences

(1) O*SELQX//(@E—'COI(@—-»O
and
(i) . O—’t0r1¢——’C0ka _*QX/k ®El — 0

it follows that tor; ¢ =0.

If j* corresponds to a cuspidal cubic, then E; =& #(3) since the dual of
a cuspidal cubic is a cuspidal cubic. The exact sequences (), (1) show that
length(tor; ¢) = 1.

9.5.1. Arbitrary curves of degree three. Let E be a vector bundle of rank r
and degree three on an arbitrary curve, X, and let V' Cc I'(X, E) be a subspace
of generating sections with evaluation map

¢Z Vy — E.
To avoid trivial cases, assume that the corresponding map
fIX N G(V, r) Pliicker PN ’

expresses X asa cubiccurvein PV i.e., f is birational to its image. Therefore,
X is either a twisted cubic or a plane cubic. So either X is rational, and we
are reduced to the case just considered in example (9.5), or X is elliptic. If X
is elliptic, write E = @[, E' where each E' is indecomposable. Since each
E'! is generated by global sections, either E! = @y or degE' > rkE’, ([Br,
Lemma Al]). Therefore, forgetting about trivial factors, (6.1), there are two
possibilities:

(a) E is aline bundle and ¢ corresponds to a smooth plane cubic.

(b) E is an indecomposable bundle of rank two. Then dimI'(X, E) =
3, ([Br, A4]); so V =T(X, E). By the duality theorem, (7.2.1), there is a
commutative diagram

0 —— @(-3P) vy -2 E 0

! [

0 — G'(@(3P))* Vx E, 0
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for some point P € X . By (B.3.4) and Theorem B.2.3, G'(@(3P)) = P} (#(3P))
so degE; = degG'(@(3P)) = 6. The map f:X — G,P® from ¢ gives the en-
velope of tangent lines to a plane elliptic sextic. From the sequences ({) and
(1), it follows that tor; ¢ =0.

Example 9.6. If the characteristic of k is zero or greater than ¢, then any
sequence of differential ranks

d>--2>d>dy1=0

can occur. For example, on P!, consider the bundle

t—1
E = @Pi(ﬁ(i + 1))®(di+1— i2) |
i=0

For each i, there is the natural Taylor series map
vET(PY, O3+ 1)p — PO +1)).

Take a direct sum of d;,; —d;,, copies of this map and then sum over i to get

-1
¢: Ve = |@PT(®', O +1))®m—d) | E.
—o pi
By (A.6.3.1) and Proposition 6.3.1
-1
Ej= @Pi_j(ﬁ(i + 1))®(d.~+1—di+z).
i=j
Therefore,
drk;¢ =1k E;_| — 1k E;

t—1 t—1

= > (i=J+2)(dis1 —dix2) = Y _(i = j+ 1)(dis1 — dis2)

i=j—1 i=j
-1
= Z (diy1 — diy2)
i=j—1
=d;.
Example 9.7. Any sequence of nonnegative integers
kl g see gy kn

can occur as the sequence of torsion numbers at a point. To see this, let

i
a; = Z‘kn—jﬂ
Jj=1

for i=1,..., n, and define the map
f:(c — G(C€Bn+1) o~ pn

7 = (1 , Zl+al , 22+a2’ e, ZH'Q").
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Let . be the line bundle, C x C, on C, and consider the map of §4,
urt.el - GPHP).

It suffices to check the following

Claim. The i-th torsion number of u"~! is ap_j11 —an_i = ki .

Sketch of proof. We need a local version of Theorem 8.1.1. The map ¢ of
(A.7) induces a commutative diagram with exact rows

0 — G/(G\&¥) — P¥) —— cokf ——0

|- s |
0 — P'(G"!(¥) — PP (&) —— P(coke_) —— 0
The map « comes from the Taylor series map C"*' — P! _(Gk‘l(ff )). By
Proposition 6.3.1, the i-th derived bundle of "' is G"'"!(#). Hence,
coka modulo torsion is Qx/ ® GX(Z), (cf. 2.3).

By (A.8.3), G'(GF" (%)) = G*(&). Therefore, in the diagram, cok; is
the cokernel of the i-th Taylor series map, i = k — 1, k. Theorem B.2.3, (cf.
B.2.3.3) yields '

(%) length,(coky) = a; + -+ + ak.

Similarly, length,(coky_;) = a; + --- + a4_; hence, the fundamental exact
sequence, (A.3.2), shows that

(%) length,, (P'(coky_;)) = 2(a; + -+ + ).

By Proposition A.7.8, J is an inclusion. Thus, the snake lemma gives an
exact sequence

0 — coka/ker f — cokd — cok f — O.

The proof of Proposition A.7.8 shows that cokd = Qy/ ® Pk‘z(,? ). Hence,
coka/ker 8 is torsion free; it is the (n — k + 1)-th derived bundle of u"~!,
Qy/ ® Gk_z(fZ ), and ker 8 is the corresponding torsion divisor. The map
coka/ker f — cokd is just the natural inclusion, G1(%) - PK2(Z) ten-
sored by Qy/ . Hence,

length,(cok ) = aj; + - + ak_».
It follows from (*) and ( *x ) that the (n — k + 1)-th torsion number is

length, (ker f) = oy — o

as required. O

APPENDIX A

Introduction. This appendix gathers together the main facts about principal
parts sheaves and is intended as a technical reference for the paper. For the
most part, it is a compilation of results found in [G], [K1], and [Pil], worked
out in the detail necessary for our applications. Propositions 7.8 and 8.3, used
throughout the paper, are new results.
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A.1. Definition of the principal parts sheaf. Let u: X — S be a morphism of
schemes and ¥ an @x-module. Let A, be the ¢-th infinitesimal neighborhood
of the diagonal. It is defined as a subscheme of X xgX by the ideal .#*! where
¥ is the ideal of the ordinary diagonal A = A . In the following diagram, let
i denote the inclusion map and #;, 7, the natural projections:

Ay - X xs X -, x

(1.1) m| E

X — S

u
Let p=my0i and g =my01i.
Definition 1.2. P/(¥) = p.q*F = 1. (Cxxx /:f 1 @ n3F) is called the sheaf

of t-th order principal parts of F over S or the t-jets of sections of F over S.
Applying 7, the the natural surjection

(%) Oxxx|F " @n3F — Oxxx|F' @ 13F
gives a map
(1.3) P(F) — P 1(F)

which is a surjection since the sheaves on (*) are supported on A and 7|
is a homeomorphism. Since tensor products respect direct sums, so does this
surjection.

A.2. Functorial properties. ¥ — P/(¥) is a covariant functor from the
category of @x-modules to itself. In this section we summarize its most basic
properties.

2.1. If X is noetherian, u of finite type, and .# quasi-coherent, then P!(¥F)
is quasi-coherent. If X is noetherian, X — S proper, and # coherent, then
P/(¥) is coherent, ([H, I1.5.8]). For X — S smooth, if F is locally free, so
is P'(¥), (Proposition 3.3).

2.2. Since g* and p, preserve direct sums, so does P'(. ).

2.3. If we restrict P/(-) to act on locally free sheaves, then it is exact. This is
because pulling back locally free sheaves is always exact and p, is exact since
it is a homeomorphism.

24. Let f: X —» Y be a morphism of schemes over S. There is a map
[*P(F) = P(f*T).

This map is mentioned in [K1] and in [Pil]; we construct it in the proof of
Proposition 3.4, below. In particular, if X — S is a finite type, separated
morphism of noetherian schemes, e.g., a variety over a field, and U C X is an
open subscheme, then P/(¥)|y = P/(F|y): this follows from a commutativity
property of pullbacks and pushforwards, ([H, 11.9.3]). We will only need this
result in the special case where X — S is smooth and % is locally free,
(Corollary 3.5).
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2.5. It is clear from the definition of the natural surjection P'(¥) — P'""!(¥)
of (1.3), that it is functorial, i.e., given a map of sheaves # — &, there is a
natural commutative diagram

P(F) —— PY®)

l l

Pt_](,?) - Pt—](?)
2.6. It is also clear that the natural surjections of (1.3) preserve direct sums.

A.3. Fundamental exact sequence. Assume now that _# is locally generated by
a regular sequence, e¢.g., X — S smooth, and assume # is locally free of rank
r. Apply 7y, ( - ® n;y ) to the exact sequence

(3.1) 0 — F I L Gy | I — Oyrx) It — 0

to get the fundamental exact sequence

(3.2) 0— S'(Qys)®F — P(F)— P I(F)—0

where S’(Qy/s) denotes the t-th symmetric power of the relative cotangent
bundle. One assumes that .# is locally generated by a regular sequence so that
Jt s+ = §1Q), [F, A.6.1]. Note that m;, preserves the exactness of (3.1)
since the sheaves involved are supported on A which is homeomorphic to X .
By induction and the fact that PO(¥) = F we get

Proposition 3.3. Suppose X has dimension n. Let X — S be smooth and F
a locally free sheaf of rank r on X . Then P'(¥) is locally free of rank r-("}").

Given a map as in (2.4), there is a corresponding map between fundamental
exact sequences:

Proposition 3.4. Let X and Y be smooth S-schemes and F a locally free sheaf
on Y. If f X — Y is a morphism of S-schemes, the map of (2.4) induces a
map of exact sequences

0 — SHf*Qys) ® f*F — f*PF) — [P UF) — 0

(%) lS‘(d/)@id l 1
0 — S'Qus)®fF — P(f*F) — P F)— 0

where df: f*Qy;s — Qx s is the cotangent map.

Proof. Using the notation in (A.1), let nx ; = n; for i = 1, 2. There is cor-
responding diagram for defining principal parts bundles on Y with projections
my,i, i =1,2. Let # (respectively, ,# ) be the ideal of the diagonal in
X xs X (respectively, Y xg Y ). The map f induces a commutative diagram

0—  gg —  Oyxy/F! —  OyxylF' — 0

l J |

0 — (f x NeF!IH — (f X NeOxxx /T — (f x NeOxxx/F' — 0



CURVES IN GRASSMANNIANS 3221

Apply f*my 1.( - ® ny &) to this diagram to get
0 — SHf*Qys) ® f*F — [*PUF)

1 l

0 = f*uy 1u((f x NI I ¥ @0y 1 F) — [*uy 1u((f X NeOxxx[FH @15 ,F)
(continuing from above)
. f* P”'l(?) 0

l

s —— fray . ((f X N)Oxxx[F'@ny ,F) —— 0

Again, we are using the smoothness of ¥ — S to identify #!/ #+! with
S*(Qy/s). We also use the standard fact that taking symmetric powers com-
mutes with pullbacks.

Now use the maps

[y =y (< ),
(fx N)ry 2 =nx oS,
ny 1(f X e = filtx 14,
f - L

(For the first map, cf. [H, I11.9.3].) Applying these to the first sheaf on the bottom
of the previous diagram yields

[y 1((f x I [F M @ny 2 F)
= f*ny ([ X NI [FH @ fray 1y 2F
= f*finx I I @ nx 1 (f X £) 7Y 2 F
-y, I [ F T @y 1y L F
= S'Q,ws@f*y.
Similarly, f*7y 1.((f X f)«Oxxx/F'* @ 1} ,&F ) =P/(F). Finally, a similar

argument applies to the sheaf on the bottom right of the diagram. We thus
get (). The leftmost vertical map of ( *) has the right form since df comes

from the natural map
FI1Fr = (f x )F | F?

while the leftmost vertical map of the first diagram of this proof is obtained by
taking symmetric powers of this map

I =8(F1FY) — ([ x S(F[F) = (f x )F' [T
(cf.[F,B.7.1]). O

Corollary 3.5. Let U be an open subset of a smooth S-scheme X, and let F
be a locally free sheaf on X . Then

Py =P{(F o).

Proof. Apply Proposition 3.4 to the inclusion f:U — X. The case ¢t = 1
follows from the 5-lemma and the fact that Qg5 = Qx/s|lv. The general case
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follows from Proposition 3.4 by induction using the 5-lemma and the fact that
pullbacks commute with taking symmetric powers:

S{(Quys) = S'(f*Qxys) = f*S1(Qxys). O

Note. As mentioned earlier, Corollary 3.5 is true more generally for X — S
a finite type, separated morphism of Noetherian schemes and ¥ any sheaf.
However, we will not need this in the paper.

A.4. Local trivialization of P'(E). Let X — S be smooth and E be a bundle
(locally free sheaf) on X . This section gives local coordinates for the jets of
sections of E. To make notation simpler, we will mainly consider the case
where X — S has relative dimension 1, e.g., a nonsingular curve over an al-
gebraically closed field. Remark 4.9, at the end of this section, discusses the
modifications necessary for higher relative dimensions.

Let U = Spec A be an open affine subset of X and V' = Spec B be an open
affine subset of S with U c u~!(V). Let I denote the kernel of the map

A®pA— A
a®bw— ab.

So I = #|y, and I/I> = Q|y, the relative cotangent bundle of X — S
restricted to U . The ideal [ is generated by {da},c4 Where da = 1Qa—a®l1,
[M, Chapter 9]. With this notation, the exact sequence (3.2) restricted to U
and with % = @y becomes

0— I'/I'"" — (4®p A)/I""" — (A®p A)/I' - 0.

We are free to identify Q®!|y with [I?/I'+! since X — S is smooth. (We have
also used that P'(E)|y = P(E|y), (2.4).)

Now take U small enough so that Q|y is trivial with generator dz = 1® z —
z® 1. By induction on ¢, it follows that (4 ®p A)/I'*! is a free A-module
with basis the image of {(dz)'}!_,. Define a map 8,: 4 — A by the formula
db=1®b-b®1=29,bdz. Inductively, define

(4.1) dl:4— A

by 0ib = 8,(0:~'b). Finally, define the map
(4.2) Bi:(A® A) /1" — A%
1 1
a®b —ab,d,b, 2—!822b, e ﬁa;b).

Note 4.3. In order for this map to make sense, we make the assumption that
the characteristic of each residue field of S is zero or greater than ¢.

Note 4.4. If X is a nonsingular curve over an algebraically closed field k =

S, the completion of the local ring @y . at a point x € X is the ring of

formal power series k[[z]] in a local parameter z. By including @y . in its

completion, we may interpret d/b as formal differentiation with respect to z.
We will see that B, is well-defined as part of
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Proposition 4.5. B, is an isomorphism.

Proof. It suffices to show that B,(dz/)=(0,...,0,1,0,...,0) with the 1 in
the (j + 1)-th component. Since dz*! — 0, B, is well-defined. The (£ + 1)-th
component of B,(dz’) is

Bi(dz))sy = ﬂt(( ®z—2z® 1))

Lo

e

where -(5) =0 for b > a. However,

i(—l)"(f) (j , i) = %35(2 —1y

i=1

_{1, j=t¢,
z=1 0, .]#e’

Let E be an arbitrary vector bundle of rank r. Using (2.2) and the fact
that P/(E)|y = P'(E|y), Proposition 4.5 allows us to construct a local trivial-
ization of P'(E). Use the notation from above and assume, in addition, that a
trivialization E|y & &2" is chosen. Then

as required. O

~A®4 L (A® A\ e
rwu, P’(E)): —F®A A@rz( 7o ) ___,(Aeet+1)ear

where we consider (A®A)/I'*! as a right A-module for the purpose of tensoring
over A. By abuse of notation, we will call the composite of the above maps

(4.6) Bi: T(U, PYE)) — (A4®+1)@r
Restricting (3.2) to U gives an isomorphism of exact sequences

(4.7)
0 — I'(U,Q®' @ E) — I'(U, P/(E)) — (U, P"YE)) — 0

|2 | =

0 — A®r —_ (Aet+1)®r Le', (Aeat)@r -0

The inclusion of 4% in A®™*! as the first ¢ factors induces a map (4%)®" —
(A®+1)®r giving a splitting of the rows of (4.7). In sum, we have

Corollary 4.8. A choice of a local trivialization of Qx;s and E determines a

local trivialization of P'(E) for each t and local splittings of the fundamental
exact sequence (3.2).

Remark 4.9. The analysis given in this section requires little change if the di-
mension of X is n > 1, the main difference being that in defining the map S, of
(4.2), one must consider all mixed partials with respect to the local coordinates
on X. To be specific, consider the case of P/(.#) where . is a line bundle.

Take an open affine U = Spec A4 so that £ |y & @y and Q|y = I77 2 as before.
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Take U small enough so that Q|y is trivial, say 2" = Q|y . Take the images
of the standard basis elements of ﬁf}a" to get generators dz; = 1®z;—dz;®1,
i=1,...,n,for Q|y. Define a map

(4.10) B (A® AT — 42(7)
a®br—>a{%3“ ...aijb}
1 l

1=ty 0<j<t, {ir, .., ij}C{1,...,n}

where 0;b is defined by the formula db =19 b-b®1 =Y}  0;bdz;. As
before, one may verify that B, is an isomorphism. If E is any bundle on X,
it is locally the direct sum of line bundles, and one takes a direct sum of f,’s
to get a trivialization of P(E)|y . The analogue of (4.6) is

(4.11) B:T(U, P(E)) — (42("1))er

Diagram (4.7) becomes
(4.12)
0 — I'(U, $YQ)®E) — (U, P(E)) — T(U,P"YE) — 0

I | =

r n+t—1

0 —s (A®("+ll_l))$r N (A@(nrl))$r _ﬂe_a_’ (AQ( - ))GBr — 0

n+t—1
t—1

A.5. The bimodule structure on P'(¥) and the map d’. Recalling the notation
of Definition 1.2, P'(@x) = p. (Oa,) =P«(Ox ®Ox | S +1) | By definition of p,
there is a map

where 7 is the projection onto the first (") factors.

Ox — p(Os,) = P'(Ox)
defining the (usual) left module structure on P’(&y). By slight abuse of nota-
tion, we write :
(5.1) Ox — (Ox ® Ox)|F+! = P(&)

a—a®l.
On the other hand, we can derive the following map from ¢, ([G, 16.7.5.1]):
(5.2) d': Oy — (Ox ® Ox)|F !
a— 1®a.

This defines the right module structure on P'(@y).

As pointed out in [G, 16.7.2.1], basic properties of pullbacks and pushfor-
wards yield an isomorphism

(5.3) PY(¥) 2 P'(Ox) ®p, &
where in order to tensor over @y, P/(@x) is considered as a right @y-module.

Thus, P/(%) inherits a bimodule structure from P'(@x). One way to see (5.3)
is to check—using the notation of (A.1)—that the natural map

PiOx)®F =m.(Ox ®Fx)/F"* o F
- 1. ((Ox @ Ox)|F ! @137 ) = P(F)
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is an isomorphism. By abuse of notation, we will sometimes write

ﬁx ®@’X
Pt(y) = W RF
Define a map ([G, 16.7.5.1]):
(5.4) dg=d"F — P/(F) = P (%) Qp, F

s—(lel)®s.

This is a map of @x-modules if P/(¥) is considered as a right module. The
maps d'! are compatible with the natural projections pr;: P/(F) — P~1(F),
(1.3). That is to say, pr,od! =d'~!.

Consider the case of a line bundle . on a nonsingular curve X over an
algebraically closed field. Using the trivialization described in (A.4) with FE =
&, identify & with 4 = @y(U) and P'(&) with 4®*! via B,, (4.6). Then
the map d; may be thought of as taking truncated Taylor expansions of sections
of &

(5.5) d': 4 — A%®!
1 1
aw— (a,d;a, 2—!622a, e Ea;a).
A.6. The Taylor series map, v'. With the notation of A.1, the natural maps
u*u, — my,m; and 1 — i,i* may be used to define what we will call the ¢-th
Taylor series map, (cf. [K1], [Pil]): '

(6.1) Vi w U — T — rL it F 2 PHS).
If V isasheafon S and ¢:u*V — % any map, then there is a natural map
Vy =u*V — wuu*V — u*u.7 .

Composing this with the Taylor series map yields a map Vy = u*V — P{(F)
which will also be called a Taylor series map and be denoted by u(; orjust v if

¢ is clear from context. If we consider P/(#) as a left @y-module (as usual),
then v! is an @y-module map.
If X is a noetherian scheme and S = Spec B, then the Taylor series map is

v HYX , ) ®p Oy — P/(F)
(cf. [H, 8.5]). With the notation of (A.5), we may write this as
(6.2) H(X, F)®pOx — P(F) 2P (Ox) ®p, F
s1—1®1®s.

Therefore, we can also construct v’ by taking global sections of d':.# — P!(F)
and then evaluating

HO (X, F)®p Oy = HY (X, P/(F)) ®p Ox — P/(F).

6.3. Functorial properties of the Taylor series map.

6.3.1. The Taylor series map preserves direct sums since pullbacks, pushfor-
wards, and the map 1 — /,i* preserve direct sums.
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6.3.2. The Taylor series map is compatible with the natural surjections P'(¥)
— PI(F). To see this, let ix:Aky — X xs X denote the inclusion of the
thickened diagonal (cf. A.1). The compatibility of the Taylor series map comes
from applying 7;.( - )73 to the natural commutative diagram of functors

| —— i

H l

I —— i
and composing with the map u*u. of (6.1).

633. If ¥ — % is a map of sheaves on X, the naturality of the map
u*u, — m,m; gives a commutative diagram

wu, —— PY(F)
(6.3.3.1) l l

wu,f —— PY(¥)

where the horizontal maps are the Taylor series maps and the vertical maps are
the natural ones.
In the paper, (6.3.3.1) is most often used in the following form:

Proposition 6.3.3.2. Let V and W be sheaves on S, and let & and % be
sheaves on X . Suppose we are given a commutative diagram of sheaves on X :

Vy —— Wy

l !

F — g
Then the following diagram commutes
Vxy —— Wy

! l

P/(¥) —— PY(®)
where the vertical maps are the Taylor series maps and the horizontal maps are
the natural ones. ' .
Proof. This follows immediately from the expression for v! givenin (6.2). O
6.3.4. Let Sg be the kernel of the map Vy — % from Proposition 6.3.3.2.
Assume in addition that X — S is smooth and % is locally free. The com-

patibility of the Taylor series map with the standard projections, (6.3.2), gives
a commutative diagram that is used repeatedly in the paper:

0 ——— SE — Wy F » 0

(6.3.4.1) | |» I
0——-’9x/s®.7—>P1(9) F » 0
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The bottom row of this diagram is the fundamental exact sequence (3.2). This
diagram is functorial in ¥ :

Proposition 6.3.4.2. With the notation as in (6.3.3.2), assume in addition that
X — S is smooth and that F and & are locally free. Let Sg (respectively,
S¢) denote the kernel of the given map Vy — & (respectively, Wy — Z).
Consider the natural commutative diagrams with exact rows

0—— Sy — VX 9_ O
) | A

0 — Qys®F —— PI(F) — F 0
and

0 ——b Se — Vyx g 0
(++) I 2| H

0 —— QX/S®'? — Pl(g) z 0

where the bottom rows of these.diagrams are the fundamental exact sequences of
(A.3). Proposition 3.4 induces a natural map of commutative diagrams (x) —

(+4).
6.3.5. Taylor series maps are compatible with the maps of (2.4), f*P/(¥) —

P'"!(). This is immediate from the construction of the maps of (2.4), given
in the proof of Proposition 3.4.

6.4. Description of the Taylor series map in local coordinates. u: X — S be
smooth of some relative dimension, # be locally free of rank r, and V be a
locally free @s-module of rank n. Assume we are given a map

¢IVx=u*V—+9—.

We now want to give a careful local description of v!(¢) = v*. So we may
assume X and S are rings, A and B, respectively, and that F = A4®", Vy =
A®"  and ¢ is given by a matrix M = (a;;): A®" — A®". Define P'(49") =
(X, P/(¥)), and define v’ accordingly. Let d:4 — Q4/p be the standard
derivation. Our smoothness assumption means that Q5 is a free 4-module
with generators, say, dz;. Define the map

3zjiZA — A
inductively as follows
(6.4.1) da=Y 0,adz;, 0la=29,(8!"a).

Note 6.4.2. If A is a discrete valuation ring and B = k is a field isomorphic
to the residue field of 4, then the completion of A is isomorphic to the power
series ring k[[z]]. Emdedding A into its completion, dJa; can be thought of
as the ordinary j-th derivative of a power series. This interpretation will be
relevant when X is a smooth curve over an algebraically closed field and we
consider a Taylor series map at a fiber over a point in X .
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To make the local description more intelligible, we will start out with the
easy case of relative dimension and r both equal to one, then work our way up
to the general case.

Proposition 6.4.3. Let B — A be a map of rings with the characteristic of each
residue field of A and B either zero or greater than t. Assume Qg has rank
one, generated by the single element dz, and suppose given a map

M:A®" — 4
where M = [a,, ..., a,), a; € A. Then the corresponding t-th Taylor series
map has the form
(11 cee an
aza] M azan
50%2ay -+ %0la,
p0tay - 1dlay

vi(M): A®" P/(A) = A%+,
Proof. Let e; be the i-th standard basis vector for 4%” . Define I as in (A.4)
so that Q,/p = I/I*. By the description in (6.2),
vie)=(1®1)®aie(404)/I'" o4
=1®a; € (A® A)/I'*! = P!(A).
Using B, of (4.2) to trivialize P'(A4) yields
1

1
vi(e) = (ai, 0;a;, 2—!3220i, cees Eazlai)

as required. 0O

We will now consider the case where X — S has relative dimension one but
r, the rank of % , is arbitrary. Locally, ¥ = 4%’ and the local description of
the Taylor series map follows directly from Proposition 6.4.3.

Proposition 6.4.4. Let B — A be a map of rings with the characteristic of each
residue field of A and B either zero or greater than t. Assume Qg has rank
one, generated by the single element dz, and suppose given a map

M:A®" — 4%

where M = (a;j), a;j € A. Then the corresponding t-th Taylor series map is a
block matrix
M
o.M
707 M

1OIM

u’(M):A@”' Pt(AGBr) ~ (A®r)®1+l

where 8§M = (6;0,‘]'),',]' .
Proof. This follows directly from Proposition 6.4.1 and the fact that v! pre-
serves direct sums, (6.3.1). O
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Finally, we consider the case of arbitrary relative dimension. It is the same
as (6.4.4) except we must take all mixed partials of the entries of ¢ with respect
to local parameters for X .

Proposition 6.4.5. Let B — A be a map of rings with the characteristic of each
residue field of A and B either zero or greater than t. Assume Q4 p has rank
k, generated by dz,, ..., dz;, and suppose given a map

M: A®" — 4%

where M = (a;j), a;j € A. Then the corresponding t-th Taylor series map is a
block matrix

("1!‘+"’j’a’i| ...azij M) . ‘ .
ljt(M): A@n 0<j<t, {i) ,...,lj}c{l,...,n) P'(A$’) ~ (AQr)e(k-’H)

where 3Zk. "'3zk,M = (62“1 “‘azktaij)j,j. FEach (ﬁa,l i‘-a,-jM) is a row of
the block matrix v'(M).

Proof. For the case r = 1, proceed as in the proof to Proposition 6.4.1 using
the map B, of (4.10). (The n of (4.10) is our k.) Then, for general r, use
the fact that v! preserves direct sums, (6.3.1). O

A7, PM(F) - P"(P"(F)). There is a natural map, ([G, 16.8.9.1),
(7.1) 8 =6p w: P (F) - P"(P" (F))

functorial in % , making the following diagram commute

y td Pn+n ((7)
(7.2) & | |5
P"(F) —— P'(P"(F))
)

Using (5.3) and the notation of (A.5), the map is given by
(7.3)
' Ox Q Oy Ox ® Oy Ox ® Ox
P = St ©F = . © e
@a®b)ef—~(ad1)(1®b)Q f.
(As in (A.5), we are abusing notation slightly.) As noted after (5.3), we must
be careful of the module structure when taking these tensors. Thus,

(a@b)®cf=(a®ch)® f € (O @Fx)|F """ @ F

®F =P"(P"(¥)),

and

(@a®b)®(ced)®ef=(axbc)(l1®de)’ f

@X ® ﬁx ﬁx ® ﬁx
Fn+l Fn'+l

Here a, b, ¢, d, e (respectively, f) represent sections of @y (respectively,

F ) over some open set of X .

=@a®l)®(bcede)® f € F.
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We will need to know that J is compatible with the Taylor series map.
Consider the Taylor series maps

wu,F — P"(F)

and , ,
wu,P" (F) — P"(P" (¥)).

Applying u*u. to the first of these maps and using the natural map 1 — u,u*
gives the left vertical map in the following diagram

wu,F —— P"(F)

(7.4) l l

wu, P" (F) —— PYPY (F))
The horizontal maps are Taylor series maps. Using (7.3) , it is clear that this
diagram commutes, i.e., d is compatible with Taylor series maps.
It also clear from (7.3) that § commutes with the natural surjections from ¢-
jets to (z—1)-jets in several senses. For example, there are natural commutative
diagrams:

’

Py L P ()

(7.5) l l

an,n’—l

Pn+n'—l((7) LN Pn(Pn'—l(y))
and
P"(P"(F) —— P"IP"(F))

(7.6) l T"n—w

Pn(Pn'—l(g‘)) (_6— Pn+n’—l(y)
n,n! —1
Remark 7.7. Letting n = 1, (7.6) shows that P!/(P" (¥)) — P'(P" (%))
factors through the surjection P!'(P" (%)) — P" (¥).
We will need the following technical result:
Proposition 7.8. Assume that the characteristic of S is zero or greater than n+1.
If X — S is smooth of relative dimension one, and & is a locally free sheaf on

X, then the map 6: P"*1(F) — PY(P"(F)) is an inclusion with a locally free
cokernel.

Proof. The compatibility of § with the natural surjections of principal parts
bundles gives a commutative diagram
(7.8.1)

0 — "™ (Qys)®F —— P*(F) —— P(F) —— 0

! ! H

0 — Qys®P(¥) —— PI(PYF) — P(F) — 0
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We will now show that since X — S has relative dimension one, that the left-
most vertical map in (7.8.1) becomes Qy/s ® Qj?;’s o F LB, Qy/s ® P'(F)

where i: F ®Q" — P"(F) denotes the natural inclusion of (3.2), and u:Qy/s —
Qy/s is multiplication by (n + 1). In particular, £ ® i is injective; hence the
proposition follows from the snake lemma.

By (7.3) we may write

'ﬁx®@x

5 ®07_»@’x®ﬁx Ox ® Ox

T Fn+2 72 Bz
(@a®b)f—(a)®(l®b)® f.

7,

We need to find the image of
dz"'e fe (S I e =05 eF.
Calculate

6dz'e l=06(1®z-za )" f
=[(1ee(1®z)-(zeahe(le D" f
=[dze(lel)+(1e1)®dz]"''e f

n+l
= (Z (n}: 1>dzk ®dz”“‘k) ®f

k=0
=n+1)dzedz"® f

Thus, the leftmost vertical map of (7.8.1) is as required. O
A.8. Osculating bundles. The following definition is due to Piene, [Pil].

Definition 8.1. Let V' be a sheaf on S, let ¥ be a sheaf on X, and let
¢: Vy — & be a map of sheaves. For ¢ > 0, the image of the Taylor series map
u;,: Vx — PY(F) is called the osculating sheaf of order t for ¢ and denoted by

G'(¢) or just G'(¥) when ¢ is clear from context. It comes with a natural
surjection

u':Vy - G(F).

The natural surjections, P'(¥) — P""!(¥), induce surjections, G'(¥) —
G I(7).

Proposition 8.2. Let V, W be sheaves on S, and let & , & be sheaves on X .
Suppose there is a commutative diagram

Vy —— Wy
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Then there are maps between osculating sheaves f; : G'(¥) — G'(¥) such that

¢
—_ WX

Vx
#t(¢)i qu’('//)

G'(¥) —I— G'(®)

! l

G I(7) =L 6(®)

commutes for t > 1. The bottom vertical maps are the natural surjections, and
the composition of the vertical maps on the left (respectively, right) is p,—1(p)

(respectively, u;—1(¥)).
For (2) and (3) below, assume that  and & are locally free.

(1) If £ is surjective, then so are the f;.
(2) If f is injective, so are the f;.
(3) If f is injective and ¢ is surjective, then the f; are isomorphisms;

Proof. The maps - and f give rise to a commutative diagram, (6.3.3.2)

Vy —5 Wy

u'(¢)1 lu’(w)
P/(¥) —— PY(®)

Taking images of the vertical maps defines f;. The required compatibility with
the natural surjections follows from the corresponding fact for principal parts
of sheaves, (6.3.2).

(1) is clear from the definition of f;.

Restricted to locally free sheaves, P’( - ) is an exact functor (2.3). This
accounts for (2), and as a trivial consequence of (1) and (2), we get (3). O

Proposition 8.3. Let F be locally free. There is a surjection
(%) G'(¥)— G (G"'(¥))
compatible with the natural surjections from Vy. It is functorial in & and

is compatible with the natural surjections of osculating bundles, i.e., there is a
commutative diagram

G*(¥) — G'(G'(¥))

! !

G'(¥) —— G'(G"(¥))

If X = S is smooth of relative dimension one and the characteristic of each
residue field of S is zero or greater than t, then (x) is an isomorphism.

Proof. By (2.3), applying P!( -) to the inclusion G'~!(F) — P""!(F) yields
0] G (G I(F)) = P(G'1(F)) = P (P (F)).
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On the other hand, we have
(1) G'(¥) = P'F) L PP (7))

where ¢ is the map of (7.1). Since these maps are compatible with the natu-
ral surjections from Vy, G'() surjects onto the image of G!(G'~!(¥)) in
P! (P""!(F)). This gives (*). With the additional assumption on X — S and
the characteristic of S, it follows from Proposition 7.8 that J in (}) is injective.
Therefore, in that case, ( *) is an isomorphism.

The functoriality of ( * ) comes from that of P’(-) and of 6. Compatibility
with the surjections of osculating bundles follows from (7.5). O

APPENDIX B

Introduction. This appendix is an outline of the basic theory of inflections
of curves in projective space. It is intended as background and a convenient
reference. For the most part, results are presented without proofs. The main
theorems are due to Piene, and details may be found in [Pil] and [Pel]. The two
most fundamental theorems in the theory are Theorem 2.3, stating the degrees
and ranks of the osculating bundles, and the duality theorem in (B.5).

Throughout the appendix, V' denotes a vector space of dimension n+1 over
an algebraically closed field &, and X is a smooth curve over k. Let

(0.1) fiX > P(V)=P!

be a map to the projective space of quotients of V. There is a corresponding
surjection

(0.2) o Vy =&

where .# is a line bundle on X . The map on global sections will be denoted
(0.3) IV —-TI(X,2).

Definition 0.4. If m is the dimension of the smallest linear space containing
the image of f, then f is said to span a P™ or span a linear space of dimension
m. The number m is one less than the dimension of the image of I’ .

B.1. Inflection numbers. In this section, we introduce the fundamental invari-
ants describing the inflectionary behavior of a curve in projective space. This
material can also be found in [GH1], [Pil], and [L1].

Definition 1.1. Let f span a P”. For each x € X, define integers o; = a;(x)
with 0=y <a; <--- < ay, by

{0, l+ay,24+0a2,...,m +am} = {Ordx(d)}a€r¢(y).

(A Gram-Schmidt-type argument shows that this definition yields 7 numbers.)
The number ¢; is called the i-th inflection number for ¢ (or f) at x. If some
a; is nonzero, x is said to be an inflectionary point for ¢ at x. Under ap-
propriate conditions, (2.3), there will be a finite number of inflectionary points.
In this case, it makes sense to sum an o; over all points to get a global i-th
inflection number for ¢, also denoted by «;, and we define the i-th inflection
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divisor to be Y .y ai(x) - x. Later we will define a related inflection sheaf,
(2.4).

Inflectionary points are also called points of hyperosculation since, at each
of these points, an osculating space meets f(X) with higher multiplicity than
expected, (4.1.1).

Remark 1.2. Let £ = @ (D) for a divisor D on X. For x € X consider the
decreasing sequence of integers

£(n) =dimg{o €Ty(V) | 0 € T(X, &(D - nx))}

for n=0,1,2,....If £,(n—1) # £,(n), then n is called a gap value for ¢
at x. (Note: If £,(n—1) # £,(n), then £, (n—1) = £,(n)—1, (cf. [H, proof of
Proposition IV.3.1]).) If the gap values are not 1, 2, ..., m, then the point x

is called a generalized Weierstrass point. Denote the i-th gap value by a;. The
Weierstrass weight for ¢ at x is the integer >_;-,(a; — i). In terms of the inflec-
tionary indices, the i-th gap value is «;_; + i. The classical situation is when
the genus of X is greater than one and ¢:V — (X, Qy/) — Qx/i, (3.2);
the gap values measure the inflectionary behavior of the canonical embedding.

1.3. Normal form. By a normal form for the map f at x we mean a
choice of coordinates for P" that is nice with respect to the inflection num-
bers. Specifically, choose a basis, oy, ..., g, , for the image of ¢ such that
ord,(o;) = i + ;. Identify % with the local ring at x, 4 = &x «, and let
z be a local _parameter at x. We can think of the o;’s as elements in the
completion A = k[[z]], so that f is given parametrically by

(1.31) zewvE) =04, zF 4. zmrem 4 00,...,0)

where “ + - -- ” denotes the sum of terms of higher order in z. Thus, if a; > 0,
then f(x) is a cusp of the image of f, and if a; =0 but a; >0, then f(x)
is an inflection point of the image of f .

Let xg, ..., X, be coordinates on P". The expression (1.3.1) shows that
the t-plane {x,;; =0, ..., x, = 0} meets f(x) with multiplicity ¢+ 1 + a4,
along the branch of f(X) corresponding to x.

1.4. Base points. We may also define inflection numbers for arbitrary linear
systems or for any map (i.e., not necessarily surjective)

(%) Vy — 2.

The only difference is that the smallest inflection number oy may no longer be
zero. If & =& (D) is the line bundle corresponding to a divisor D, and B is
the base of the linear system corresponding to ( ), then the map in ( = ) factors
as

v L I(X, @D - B)) - I'(X,@(D)).

Letting B;(x) denote the inflection numbers (or divisors) for the surjection, y,
it is clear from the normal form, (1.3), that

a;, if x is not a base point,

ai(x) = ap(x), if x is a base point.

pix) = {



CURVES IN GRASSMANNIANS 3235

B.2. Principal parts. The main result of this section is Theorem 2.3, stating the
degree and rank of Piene’s osculating bundles. It leads directly to the generalized
Pliicker formulas, (3.3), and the degrees of varieties associated with the flexing
of a curve in space, (B.4).

For each integer ¢ > 0, the map ¢ of (0.2) can be lifted to the #-th order
Taylor series map, (A.6),

(2.1) v =viVx - PI(Z)

where P'(.Z) is the bundle of ¢-th order jets of sections of .. Locally, we
can think of ¢ as given by a n + 1-tuple of functions in a local parameter for
the curve. The map »* can then be thought of as a matrix with rows consisting
of the derivatives of ¢ up to order ¢, (A.6.4).

Recall from (A.8) that the image of v! is the t-th osculating bundle for ¢,
denoted by G'(&) (or by G'(¢) or G'(f), if necessary). From v, there is a
natural surjection

(2.2) u':Vy — GH(P).

(G'() is a bundle since it is a subsheaf of P/(.#) and, hence, is torsion free.)

The following theorem, due to Piene [Pil], (with a slight correction due to
Laksov, [L1]), shows how the Taylor series maps, v’ are related to the inflection
numbers defined in (B.1). It is the main result from Appendix B needed in the
main body of the paper.

Theorem 2.3. Let X be a smooth projective curve, and assume the characteristic
of k is zero or greater than t and the degree of .. Then

(1) If t <m=dim Ty(V) — 1, then v' is generically surjective with
t
length(cok v!) = Y ai(x).
i=1

In particular, 1kG' (&) =t+ 1, and v' is surjective if and only if ¢ is
noninflectionary at x up to order t.

(2) There is a finite number of inflectionary points.

(3) If t > m, then the image is a trivial bundle of rank m+1, i.e, imv' =
G'(Z) =Ty(V)x.

Remark 2.3.1. To see that the assumption on the characteristic is necessary in

Theorem 2.3 and in Corollary 2.5.3, below, see Remark 3.4.2.

Remark 2.3.2. If X is a smooth projective curve, then with no assumption on
the characteristic of k,
ai(x) <deg¥ — i

for each x € X. Since «;(x) < a;;1(x), this means that
ai(x) <deg.¥ —m
for i =1, ..., m. This inequality is sharp. For instance, consider the map
P' — P™

.Z — (1 , Zl+(a’—m)’ 22+(d—m) e, zm+(d—m))
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given by sections of the line bundle & (d). Here, a; =d — m for all i.

Remark 2.3.3. The projectivity assumption can be replaced with the condition
that if the characteristic of k is not zero, then it is larger than m and a,,+m.

Definition 2.4. From the natural surjection of principal parts bundles, we get
the commutative diagram with exact rows

0— G'(¥) — P(¥) —— cokv! —— 0

! ! !

0 — G N(¥) — PY(P) — cokv'™! —— 0
The vertical map on the right,
cokv! — cokv!™!

is a surjection whose kernel we call the t-th inflection sheaf of ¢ and denote by
inf'. According to Theorem 2.3, it has length a,. The divisor corresponding
to this kernel is the ¢-th inflection divisor defined in (B.1).

2.5. Degrees. In(B.4), we will give the standard definitions of the osculating

developables, associated curves, and higher order dual varieties of a curve in

projective space. The following result will give the degrees of these varieties.
Denote the kernel of u! by E'(.#), and consider the exact sequences

(2.5.1) 0— E(Z) — Vx X5 GH(F) — 0
and
(2.5.2) 0 — G'(&) — P'(&) — cokv' — 0.

The degrees of G'(¥) and E'() are an immediate consequence of Theorem
2.3. First we need some notation: if F is any vector bundle on X, then define
c1(F) to be the divisor class corresponding to the line bundle det F ; if & isa
torsion sheaf on X, define [#] to be the class of the divisor ) ., length(#)-
x.

Corollary 2.5.3. Let X be a smooth projective curve of genus g, and assume
the characteristic of k is zero or greater than t and the degree of £ . Then for
t<m=dim Ty(V)-1,

t+1

3 D)er@un) + (¢ + Dy () ~ ook

(GHP)) = —c1(EN(D)) = (

as divisor classes. In particular,

deg G'(Z) = — deg(E'(L)) = (’; 1) 2g-2)+(t+1)degZ - o

i=1

=(t+1)(t1g—t+deg L) =) ai

i=1
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Letting t = m, we get

> S ai)-x= ("5 @+ o+ va(@)

i=1 x€X
as divisor classes, and taking degrees gives

m
o= (m;— 1)(Zg— 2)+(m+1)deg¥
i=1

=(m+1)(mg — m+ deg.?).
Proof. The corollary follows directly from: Theorem 2.3; the Whitney sum
formula applied to (2.5.1), (2.5.2), and (A.3.2); and the fact that if y:E — F
is a generically surjective map between bundles of the same rank on a smooth
projective curve, then

c1(E) — c1(F) = [cok y]

(cf. [F, A.2.3])). O
B.3. Examples. Here we present several standard examples. As a refinement
of the theory, we consider the effect of covering maps and projections.

Example 3.1 [GH1, p. 270], [Pil]). Suppose that f has no inflectionary points.
Under the assumptions of Corollary 2.5.3, this means that

Z"f =0= (m;' l)(2g—2)+(m+ 1)deg.Z.
i=1

This is only possible if g = 0 and deg. = m, i.e., &£ = @(m). Counting
dimensions, this means that [4(V) = ['(P', @(m)), and the map f is just the
embedding of P' as a rational normal curve of degree m in a linear subspace
of dimension m in P(V).

Remark 3.1.1. For a natural extension of the above example to a characteriza-
tion of the Veronese embeddings of any P”, cf. [FKPT].

Example 3.2 (Weierstrass Points [GH1, p. 275]). Let X have genus g > 1,
and consider the canonical morphism
fiX — P!

determined by the natural surjection
¢:T(X, Qx/i)x — Qxjk-

Recall Remark 1.2. The inflectionary points for the canonical morphism are
called Weierstrass points. By definition, £,(0) = g, and since degQy; =
2g —2,we also have £,(2g—1) =0 for any point x € X . Therefore, there are
g gap values at each point of X . From Corollary 2.5.3, the total weight of all
the Weierstrass points, i.c., the sum of the weights at each point, is

4

g
Sai—i)=) aiy
i=1

i=1

- (§)ee-2+g0s-2)
=(g-1g(g+1).
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Example 3.3 (Generalized Pliicker Formulas [GH1, p. 270], [Pil]). Assume
that the characteristic of k is zero or greater than ¢+ 1 and the degree of .&.
Let ¢;(G'(¥)) denote the divisor class of the determinant of the osculating
bundle of order i. From Corollary 2.5.3,

(3.3.1) al(G™HZ)) = 2a1(GH2)) +c1 (G (2)) = e1(Qupp) = D s (X) -

xeX
Letting d; = deg G'(.%) and taking degrees in (3.3.1) yields
(3.3.2) di1—2di+di ) =28 -2 — ag,.

The expressions (3.3.2) for ¢ > 1 are called the generalized Pliicker formulas.
The number d; is the degree of the osculating developable of order i, of the
i-th associated map, and of the dual variety of order i, (4.2, 4.3).

Example 3.4 (Elliptic Curves). Let % be a line bundle of degree n+1 > 3

on an elliptic curve E . Consider the inflection numbers o;, i=1..., n, for
the evaluation map ,
(%) NE, L) — &

By Riemann-Roch, a; =0 for i <n and a, < 1 at each point, (cf. 1.2). (We
can also see that o, < 1 by Remark 2.3.2.) Thus, Corollary 2.5.3 says that
there are exactly n+ 1 inflectionary points. At each of the inflectionary points,

a, =1.

Theorem 3.4.1 (Kato [Ka]). Choose any inflectionary point for (x) to be the
identity in the group E. Then the inflectionary points are exactly the points of
order n+1.

Proof. Let pg, ..., p, be the inflectionary points, and take po = 0 in the
group E. By looking at the normal form, we see that the inflectionary points
are exactly the points where a hyperplane of P(I'(E, .%’)) meets the image of
E under the embedding determined by ( * ) with multiplicity » + 1 = deg.¥,
(1.3). Therefore, . =@ ((n+ 1)py), and (n+ 1)p; ~ (n+ 1)py for each i. In
other words, (n+ 1)p; =0 forall i.

Remark 3.4.2. Assuming that the characteristic of k is zero or greater than
n+ 1, Corollary 2.5.3 and the comments made in the preceding example show
that there are (n+ 1)2 points of E where a, = 1. For an elliptic curve in the
plane (i.e., n = 2) in characteristic three, there are three or zero points of order
three, depending on whether the curve is ordinary or supersingular, respectively,
([S, p. 106]). By Kato’s theorem, this means that there are three or zero points
where a; = 1. In any case, the sum of the inflection numbers is not nine. This
shows that the assumption on the characteristic in Theorem 2.3 and Corollary
2.5.3 is needed.

Example 3.5. Let g; be a generic nonspecial linear system of dimension r
and degree d without base points on a smooth projective curve X over the
complex numbers. Let f: X — P" be the corresponding map with inflection
numbers «;. Canuto, [Cn], shows that a; =0 for i =1,...,r—1 for each
point of X and that there are exactly (r+ 1)(rg —r+d) points where o, =1,
otherwise a, =0.
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Example 3.6 (Coverings). Let g:X — Y be a finite, separable morphism of

smooth projective curves over k. We want to relate the inflection numbers for

a map of Y into projective space with those of the induced mapping of X .
Suppose we are given a map

friY = P(V)
with corresponding surjection to a line bundle

oy Vy — F.
Composing fy and g gives

fx:X = P(V)
and the corresponding surjection

dx:Vx — Zx

where % = g*.% .

Let m+1=dim Iy, (V) =dimg Iy, (V),and for i=1,...,m,let ax,;,
ay,; be the inflection numbers for ¢x, ¢y, respectively. The following result
can be found in [Pel]:

Proposition 3.6.1. Let e, be the ramification index at x € X . Then
(1) For xe X,

ay,i(x) =ex-ay (g(x)) +ex — 1.

(2) Summing (1) over all points of X gives the following relation for global
inflection divisors:

Zax,,--x=deg(g)2ay,,~-x+i-z(ex— 1)-x.

x€X xeX x€X

Assume, in addition, that the characteristic of k is either zero or greater than t
and the degree of £k . Then

(3) Letting E'(-) denote the kernel of the map to the osculating bundle
ut, the natural map g*P'(%) — P(Z) of (A.2.4) induces an isomor-
phism of exact sequences

0 — g*E(%) — g'Vy — g*G(&H) —— 0

! ll !

0 —— E(%) —— Vyx —— GY(%) —— 0

(4) For any bundle F on X or Y, let ¢;( - ) denote the divisor class of
detF. Then

a(G'(&)) = g*a1(G'(&H)).
In particular,

deg G' (%) = deg(g) deg G' ().
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(5) For t < m, the natural map g*P' (%) — P'(Z) is generically surjec-
tive. The divisor corresponding to its cokernel is

(t-gl)-Z(ex—l)-x.

x€X
(6) For the inflection sheaves, (2.4), there is an exact sequence

Remark 3.6.2. Proposition 3.6.1 is closely related to the Riemann-Hurwitz The-
orem. Summing (2) over i yields

“ s m+ 1
(%) ZZax,,-~x=deggZZay,,~-x+( 5 )Z(ex—l)ox.

i=1 xeX i=1 xeX x€X
However, if we assume the characteristic of k is either zero or greater than m
and the degree of %, Corollary 2.5.3 says that

e 1
Saxi= ("3 ") 2e00) -2+ m+ 1) des T
i=1
and similarly for Y ay ;. Substituting this into (*) and simplifying gives the
Riemann-Hurwitz Theorem:

2g(X)—2=degg (2g(Y)-2)+ D _(ex— 1)

x€X

Example 3.7 (Projections). Suppose that V C I'(X,.%), and let W be a
subspace of V' of dimension n = dim ¥ — 1 of globally generating sections.
Consider the induced map

v/:WCV—f-».E”.

The corresponding map, g:X — P(W), is obtained from the original map,
f, by projection from a point. We can compare the inflectionary behavior of
f and g. (For the definition of an osculating space, used in the following
proposition, cf. (B.4).)

Proposition 3.7.1. Let {a;}i=1,...n and {Bi}i=1,..,n—1 be the inflection numbers

for f and g, respectively. If the point of projection is contained in the osculating
space of order t at x but not in an osculating space of order t — 1, then

Bi(x)z{a,(x), forl._l,...,t 1,

ajr1(x)+1, fori=t,...,n—1.

Proof. Choose a basis for V', ag, ..., g, , such that ord,(o;) = i+a; and such
that g9, ..., 6,, ..., 0, is a basis for W . Taking the corresponding normal
forms for f and g, (1.3), we are projecting from the point (0,...,1,...,0)
—whose coordinates are all zero except for the ¢-th—onto the hyperplane {x; =
0} . Since the osculating space of order i is given by {x;;; =--- = x, = 0},

the result is clear. O

Thus, the inflectionary behavior of the projected curve is the same as that
for the original curve except at special points. If a point of the original curve
has some osculating space that passes through the point of projection, the image
will be “more” inflectionary.
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Example 3.8 (Osculating curves). Let X be an irreducible plane curve, not
necessarily smooth. Let X (¢, d) be the subset of the projective space of plane
curves of degree d consisting of curves meeting X with multiplicity at least
t + 1. These curves are said to osculate X with order t. To study X(t, d),
we linearize the problem, using the d-tuple Veronese embedding, v;:P?> — PV,
with N = ﬂ@ . Let X denote the normalization of X, and define the map

A X — X c P2 2L PN,

The curves of degree d osculating X with order ¢ are in this way identified
with hyperplanes of PV that meet A;(X) with multiplicity at least ¢+ 1.

Basic results about X (¢, d) appear in [Pel], including a refinement of Cay-
ley’s formula for the number of sextactic points on a plane curve, ([Ca]): those
points where a conic meets the curve with multiplicity at least six.

B.4. Osculating spaces and higher order duals. We present the standard defi-
nitions of osculating spaces, developables, and associated maps, and we present
a definition, due to Piene, [Pi2], of higher order dual varieties. We then give
Piene’s interpretation of these constructions using osculating bundles along with
her calculation of the degrees of these constructions.

For the main results of the paper, it is only necessary to be familiar with the
definitions, (4.1), and their interpretation via osculating bundles, Proposition
4.2.4.

As a new example, we consider a curve in projective space, and construct a
map of the curve into a flag variety by considering the flag of osculating spaces
of the curve at each point. We calculate the class of this curve in the intersection
ring of the flag variety, (4.4).

Definition 4.1. (See Proposition 4.2.4 for the interpretation of the constructions
presented here in terms of vector bundles.) With the notation as at the beginning
of this appendix, assume that f: X — P(V) spans a P”. For ¢t < m, the
osculating space of order t at x € X is the unique ¢-plane having maximal
order contact with f(X) at f(x) along the branch corresponding to x . Taking
a normal form for f at x, (1.3), and letting X, ..., X, be the corresponding
coordinates on P", this ¢-plane is given by {x,,; = --- = x, = 0}. For ¢ >
m , define the osculating space of order ¢ to be the P™ spanned by f. The
osculating developable of order t of f (or f(X)) is the union of the osculating
spaces of order ¢.

Let Osc’, = Osc’,(f) denote the osculating space of order ¢ at x. For t <m,
associate each point of X with its osculating ¢-plane in the Grassmannian of
t-planes in P(V) to get the t-th associated map of f

fi: X — GP(V)
x — Osct(f).

The image of f; will be called the t-th associated curve of f .

The dual variety of order t for f is the set of hyperplanes—considered as
a subset of the dual projective space P(V*)—containing some osculating space
of order ¢t. For t > m, the dual variety of order ¢ is just the (n — m — 1)-
dimensional linear space of hyperplanes containing the P” spanned by f.
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Let H. = HL(f) denote the set of hyperplanes containing the osculating
space of order ¢ at x. Taking a normal form for f at x and coordinates
on P" as above, a hyperplane defined by Y/ ,a;x; is in H! if and only if

ay=---=a,=0. For t <m, define the ¢-th dual map of f by
[ X — Gpoi o P(V¥)
x — H.

The image of f* is called the t-th dual curve of f .

Remark 4.1.1. Let t < m. If f is birational to its image, then the osculating
space of order ¢ meets f(X) at f(x) along the branch corresponding to x
with multiplicity ¢+ 1+a,,; . For a general map, this number must be replaced
by

t+1+ Ayl

deg f

Remark 4.1.2. If X is not smooth, let 7: X — X be the map from the nor-
malization of X, and define all the constructions of Definition 4.1 for f to be
those of fom. In terms of line bundles, we are replacing ¢ by

¢ Vy — 2.

Hence, if X is embedded in P"” as a curve with singularities, this definition
allows us to consider the osculating spaces of X along its branches.

4.2. Modern viewpoint. In [Pil], [Pi2], Piene has given the modern interpre-
tation of the constructions of Definition 4.1 using her osculating bundles. This
appears as Proposition 4.2.4, below.

Let E'(.#) denote the kernel of the natural map to the z-th order osculating
bundle, y', and consider the exact sequence

(4.2.1) 0—E(Z) — Vx X5 G(P)— 0

This induces maps of projective bundles

(4.2.2) w:P(G'(Z)) — P(Vx) = X x P(V) 2% B(V)
and

(4.2.3) 0:P(E'(ZL)) — P(Vy) = X x P(V*) 25 P(V*)

where 7, denotes the second projection in both cases.

Proposition 4.2.4. Assume that X is a smooth projective curve and the charac-
teristic of k is zero or greater than t and the degree of £ . Then the image
of the fiber at x, w,(P(G'(&))x), is the osculating space of order t at x, and
similarly, 6,(P(E"(Z)*)x) = H.. Therefore, the image of w, is the osculating
developable of order t, and the image of 0, is the dual variety of order t.

For t < m, the map X — G,P(V) induced by u':X — G'(&) through the
universal property of a Grassmannian is the t-th associated map. Similarly, the
map X — Gn_—\P(V*) induced by the natural surjection Vi — E'(Z)* is the
t-th dual map of f .
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Corollary 4.2.5. With the assumptions of Proposition 4.2.4, the osculating devel-
opable and dual variety of order t are irreducible.

Proof. The osculating developable of order ¢ is the image of P(G'(.¥)), and
the dual variety of order ¢ is the image of P(E'(%)*). O

Remark 4.2.6. Let X C P" be a smooth embedding of a curve in projective
space determined by sections of a line bundle .. (Note: The discussion given
here is easily generalized to the case dim X > 1.) Define

Y = {(x, H) € X x (P")* | T, X C H}

where T, X is the embedded tangent space to X at x. Letting NxP" be the
normal bundle to X in P”, we have that Y is isomorphic to P(NxyP") over
X, ([F, 3.2.21]). The dual variety to X is usually defined to be the image of the
projection Y — (P")*. However, since T, X is just the first osculating space
at x, the dual variety coincides with our dual variety of order one. In fact,
Kleiman, [K1], shows that in our situation, E'(%) = (NyP")* ® % . Since .&
is a line bundle,

P(E'(Z)*) = P(NxP" ® Z*) = P(NxP").

4.3. Degree of the osculating developable and the higher order dual. The next
proposition is Piene’s computation of the degrees of the osculating developables
and higher order dual varieties as cycles in the intersection ring of projective
space.

Proposition 4.3.1. Let t <m. Let X be a smooth projective curve of genus g,
and assume that the characteristic of k is zero or greater than t and the degree
of & . Then the dimension of the osculating developable of order t is t+1 ,
and the dimension of the higher order dual variety of order t is n—t. In other
words,

dim(imw,)=t+1, dim(imd;) = n —t.
Further,
deg(w,) deg(im w;) = deg(d;) deg(im J;)
= deg(f;) deg(im f;)
= deg(f*) deg(im f7)

=d, =degG'(Y)

t+1 d
= ( 5 )(2g—2) +(t+1)deg¥ — gai
where degw, is the degree of the map from the domain to the image of w, and
similarly for 6;, f;, and f*.

Remark 4.3.2. Proposition 3.3.1 of the main body of the paper shows that if
the characteristic of k is equal to zero or is larger than ¢ and d, = deg G'(.¥),
and if f is birational to its image, then f; is birational to its image, i.e., the
generic osculating space of order ¢ is the osculating space of order ¢ at only
one point of f(X). Similarly, f* is birational to its image.

The birationality of w, and &, seems to be a more difficult question. One
would not expect w,,_; to be birational. For example, the tangent developable
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to a plane curve fills the whole plane; the generic point on a tangent line will
lie on other tangent lines as well. (On the other hand, since f,,_; is birational
to its image, so is J,,—; .) What if # < m — 1 ? This would imply the trisecant
lemma: that the generic secant of a nonplanar curve does not meet the curve
again. For a proof of the trisecant lemma, cf. [L2, Lemma 15].

Example 4.4 (Flags). At each point x € X, the osculating spaces form a flag
of linear subspaces of projective space,

{x} cOsc, cOsc2C---

Associating a point with its corresponding flag, in this way, determines a map
of the curve into the variety of flags in projective space. We will compute the
class of this curve in the intersection ring of the variety of flags. For simplicity,
assume that f: X — P” is birational to its image and spans P".

Let F be the variety of complete flags in P", ([F, 14.7.16]). The points of
F are the flags of linear subspaces of P”

LocLic---Cc L,

where dimL; = i. Fix such a flag np C my C --- C m,_;. A basis for the
intersection ring of F in dimension one is

£i={(Lo, ..., Ly_y) | Li=m; for i#j, LjCmju}
for j=0,..., n—1. The dual basis in codimension one is
£ ={(Lo, ..., Ly_y) | LiN@p_i_y # @}
Define

f:X—F

X (x,0sch, ..., Osct™.

The class of f,(X) in the intersection ring for F is

n—1
(X1 = Y (f(X) - £7) i

i=0
Assume that the associated maps, f;, are birational to their images; for example,
we could assume that the characteristic of k is zero or large enough (Proposition
3.3.1 of main body of the paper). Then, f,(X)- £; is the number of osculating
spaces of order i meeting a generic (n — i — 1)-plane; in other words, it is the
degree of the osculating developable and the associated map, d,, (4.3.1). Thus,
we find,

n—1
L(01=)_duti.
i=0

B.5. Piene duality theorem. The purpose of this section is to state Piene’s
duality theorem for curves in projective space. This result, found in [Pil], is
the modern expression of the duality theorems of the nineteenth century for
curves in projective space. A main result of our paper is an extension of her
duality theorem to one for curves in Grassmannians.
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Let V c I'(X,.Z) be a vector space of dimension »n + 1 of generating
sections of a line bundle . on X . The corresponding map, f: X — P(V),
spans P(V). In (B.4), we defined the ¢-th associated map

fi: X = GB(V)

sending a point to its osculating space of order ¢, and we defined the ¢-th dual
map
fiX = Gy P(VT)

sending a point x € X to the linear space of hyperplanes containing the oscu-
lating space of order ¢ at x.
Definition 5.1. The dual of f is the map
fX — P(V*)
n—1

x +— Oscy

sending a point x € X to the osculating hyperplane at x. This dual is the
(n — 1)-th dual map of (B.4), i.e., f* = f"!L.

We saw in Proposition 4.2.4, with an assumption on the characteristic of k,
that the associated map corresponds to the map of vector bundles

u:Vy - G'(2).
There is an exact sequence
0— E'(Z) — Vy X5 GI(Z) — 0
and the ¢-th dual map, f*, corresponds to the natural surjection
(*) Vi - E(2)". |

By Theorem 2.3, G'(.%) has rank ¢+ 1 for ¢ < n. Therefore, E""!(%) is a
line bundle.

Theorem 5.2 (Piene Duality Theorem, [Pil]). Let X be a smooth projective
curve, and assume that the characteristic of k is zero or greater than n and the
degree of & . Then the t-dual map of the dual map, f*, is the (n—t— 1)-th
associated map of f. In symbols,

(f*)t = fn—t—l-
In particular, the double dual of f is f, itself:

(fr=r
For more discussion, see §7 of the main body of the paper.
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